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ABSTRACT: For 3-D wave equation M. Protter formulated (1952) some
boundary value problems (BVP) which are three-dimensional analogues of
the Darboux problems on the plane. Protter studied these problems in a
3-D domain g, bounded by two characteristic cones ¥; and ¥, and by a
plane region . Now, 50 years later, it is well known that, for an infinite
number of smooth functions in the right-hand side, these problems do not
have classical solutions. The reason of this fact had been discovered in the
early 90-ties: the strong power-type singularity appears in the generalized
solution on the characteristic cone Y. In the present paper we consider
the case of the wave equation involving lower order terms and obtain some
a priori estimates for the singular solutions of the third BVP. It is a strong
power type singularity at the vertex O of the characteristic cone ¥5 o, which
is isolated and does not propagate along the cone.
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1. INTRODUCTION

We denote points in R? by (z,t) = (21, x2,t) and consider the wave equa-
tion with some lower order terms

Llu] = ugyz, + Uzpwy — U + b1z, + boug, + buy + cu = f, (1.1)
in the simply connected region
Qo :={(z,8): 0<t<1/2,t <yJa?+23<1—1t} (1.2)

The region ¢ C R? is bounded by the disk ¥¢ := {(z,t) : t = 0,22+ 22 < 1},
centered at the origin O(0,0,0) and the characteristic surfaces of (1.1):

Y= {(x,t): 0<t < 1/2,\/2? + 23 =1—t},
Yoo :={(z,t):0<t<1/2,\/a?+a3 =t}

We will treat the following problem

(1.3)

Problem P,. Find solutions of the equation (1.1) in Q¢ which satisfy the
conditions

ulg, =0, [ug + aullgno =0, (1.4)

where o € C1(2g).The adjoint problem to P, is as follows.

Problem P},. Find a solution of the adjoint equation

L*u = ugy gy + Upgzy — Ut — (b1tt) gy — (b2tt) g, — (bu)i +cu=g¢g in Qq

with the boundary conditions:
ulg,, =0, [ug + (a+ b)ulls, = 0. (1.5)

Protter’s Problems, see (Protter [30]). Find a solution of the wave equa-
tion

Ou = Agu — Ut = Ugyzy + Ugoay —ure = [ in Qo (1.6)
with one of the following boundary conditions

Pl: ulyp,us, =0, P1*:  ulsgus,, =0;
(1.7)
P2: |y, =0,uy, =0, P2*: uls,, =0,ug, = 0.

Protter [30] formulated and investigated both Problems P1 and P1* in
Qo as multi-dimensional analogues of the Darboux problem on the plane.
It is well known that the corresponding Darboux problems on R? are well
posed, which is not true for the Protter’s problems in R3. The uniqueness
of a classical solution of Problem P1 in the 3 + 1 — D case was proved by
Garabedian [10]. For recent results concerning the Protter’s problems, see
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(1.1), (1.4), see Grammatikopoulos et al [11] and references therein. For
further publications in this area see Aldashev [1], Aldashev [2], Edmunds
and Popivanov [9], Choi and Park [8], Cher [16], Popivanov and Popov [27],
Popivanov and Popov [28], Popivanov and Popov [29]. Let mention some
special orthogonality conditions of f,,, found in Popivanov and Popov [27],
Popivanov and Popov [28], Popivanov and Popov [29], under which in the
case of the wave equation in R? and R* only regular generalized solutions of
Problem P1 or P2 exist, or under only of some of them, there exist singular
solutions with lower order of singularity. Unfortunately, we do not know
any such conditions in the more general case of equation (1.1). On the
other hand, Bazarbekov and Bazarbekov [5] gives in R* another analogue of
the classical Darboux problem in the corresponding to €2 four-dimensional
domain. Some different statements of Darboux type problems in R? or some
connected with them Protter problems for mixed type equations (also studied
in [31]) can be found in Aldashev [3], Aziz and Schneider [4], Bitsadze [6],
Karatoprakliev [14], Kharibegashvili [15], Popivanov and Schneider [25]). In
Lupo and Payne [18], Lupo and Payne [19] and Lupo et al [20] one finds
results for mixed type equations including some special nonlinearity with
supercritical exponent term in various situations, namely for the Frankl’
and Guderley-Morawetz problem in R? and for the Protter problem in RN+!
with IV > 2. The existence of bounded or unbounded solutions for the wave
equation in R? and R?*, as well as for the Euler-Poisson-Darboux equation
has been studied in Cher [16], Choi [7], Choi and Park [8], Grammatikopoulos
et al [12], Popivanov and Popov [29].

Further, we aim to find some exact a priori estimates for the singular
solutions of Problem P, and to outline the exact structure and order of
singularity. For some other Protter Problems necessary and sufficient condi-
tions for existence of solutions with fixed order of singularity were found (see
Popivanov and Popov [27], Popivanov and Popov [28] in R? and Popivanov
and Popov [29] in R?).

According to the ill-possedness of Protter’s Problems P1 and P2, it is
interesting to find some their regularizations. A nonstandard, nonlocal reg-
ularization of Problem P1, can be found in Edmunds and Popivanov [9]. In
the present paper we are looking for some other kind of regularization and
formulate the following problem.

Open Question 1. Is it possible to find some conditions on the coefficients
b1,bs,b,c and «, under which Problem P, has only regular solutions for all
smooth functions f7

Remark. If the answer to the above question is positive, then, using an
operator L with lower order perturbations in the wave equation (1.6), we
can find possible regularization for Problem P2. Solving the equation Liui =
f, with Ly — O (i.e. big,bok,bx,cp — 0) and o — 0, we can find an
approximated sequence ug. Due to the fact that in this case the cones ¥
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and Y9 o are again characteristics for Ly, this process, with respect to our
boundary value problem, looks to be natural.

For Problem (1.1), (1.4), i.e. P, and a(x) # 0, there are only few publi-
cations, while for (1.1) with P,, we refer the reader to Grammatikopoulos et
al [11]. In the case of the equation (1.1), which involves either lower order
terms or some other type perturbations, Problem P, in o with a(x) =0
has been studied by Aldashev [1], Aldashev [2]. Finally, we point out that
in the case of (1.1), with nonzero lower order terms, Karatoprakliev [14]
obtained a priori estimates, but only for solutions of Problem P1 enough
smooth in Q.

Next, we formulate the following well known result Kwang-Chang [32],
Popivanov and Schneider [24], presented here in the terms of the polar co-
ordinates (o, ¢,t) with z1 = ocosp, zo = psing.

Theorem 1.1. For alln € N, n > 4; an, b, arbitrary constants, the func-
tions

_3
vn(o,p,t) =to™ " (92 — t2)n 2 (ap cosny + by, sinnep) (1.8)

are classical solutions of the homogeneous problem P1* and the functions

_1
wp(0,p,t) =0 " (92 — tQ)n 2 (an cosny + by, sinnep) (1.9)
are classical solutions of the homogeneous problem P2*.

This theorem shows that for the classical solvability (see Bitsadze [6]) of
the problem P1 (respectively, P2) the function f at least must be orthogonal
to all smooth functions (1.8) (respectively, (1.9)). The reason of this fact
has been found by Popivanov and Schneider [24], where they announced
for Problems P1 and P2 that there exist singular solutions for the wave
equation (1.6) with power type isolated singularities even for very smooth
functions f. Using Theorem 1.1, Popivanov and Schneider [26] proved the
existence of generalized solutions of Problems P1 and P2, which have at
least power type singularities at the vertex O of the cone X3 . Considering
Problems P1 and P2, Popivanov and Schneider [24] announced the existence
of singular solutions for both wave and degenerate hyperbolic equation (see
Popivanov and Schneider [25]). First a priori estimates for singular solu-
tions of Protter’s Problems P1 and P2, concerning the wave equation in
R3, were obtained in Popivanov and Schneider [26]. On the other hand, for
the case of the wave equation in R™"!, Aldashev [1] shows that there exist
solutions of Problem P1 (respectively, P2) in the domain )., which grow

(n+m=2) (respectively, e~("*™=1)) when ¢ — 0

up on the cone ¥o . like e~
and the cone ¥y, := {o =t + ¢} approximates ¥y 0. It is obvious that for
m = 2 this results can be compared with the estimate (1.11) of Theorem
1.3 below. For the homogeneous Problem P} (except the case a = 0, i.e.

except Problem P2*), even for the wave equation, we do not know nontrivial
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solutions analogous to (1.8) and (1.9). Anyway, in Grammatikopoulos et al
[11] under appropriate conditions for the coefficients of the general equation
(1.1), we derive results which ensure the existence of many singular solutions
of Problem P,. Here we refer also to Cher [16], who gives some nontrivial
solutions for the homogeneous Problems P1* and P2*, but in the case of
Euler-Poisson-Darboux equation. These results are closely connected to the
such ones of Theorem 1.1.

To formulate known results for Problem P, we first give the definition of
generalized solutions

Definition 1.2. A function u = u(x x9,t) is called a generalized solution
of Problem P, in €, if
(1) u € CHQ\O), [us + a(x)u]
(2) the equality

/ [UtVr — Ugy Vo — UgyUgy + (b1Uz, + b2Uz, + buy + cu — f)v]dxidzedt
Qo

= / a(z)(uwv)(z, 0)dzdry
Yo
holds for all v from

Vo :={v e C*Qo) : [vs + (a+ b)v 0,

HE() -
v = 0 in a neighborhood of ¥3}.

The Definition 1.2 assures that generalized solutions of Problem P, may
have singularities on the cone X5 .

M.K. Grammatikopoulos, T. Hristov, N. Popivanov proved in Gram-
matikopoulos et al [11] the following existence theorem for solutions of Prob-
lem P, which have singularities on X .

Denoting a; := bicosp + basing, as 1= Q_l(bgcoscp — bysing), we assume
for the coefficients of the equation (1.1) in polar coordinates:

Cdl: ay,aq, b, ¢ are functions of (|z|,t); o = a(|z]).

Theorem 1.3. (Theorem 6.1 in Grammatikopoulos et al [11]) Let a > 0;
a1, b, c € C1(Q2\O), a2 =0 and

ar(|zl,t) = [bl([z],1),  ai(|z],t) > 2)zle(|z],2),  (z,t) € Qo.

Then for each function

falz,t) = |z|7"(|z]? — t2)""/2 cos n(arctan z—i)

€ C"2(Q) N C™(Qp), (1.10)
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n € N,n > 4, the corresponding generalized solution u, of Problem P,
belongs to C?(Qp\O) and satisfies the estimate

ln (2, E)i—a| > col| | cosn(arctan =2)|, 0 < |z| < 1/2, (1.11)
T
where ¢y = const. > 0.
Remark 1.4. The reason to use the functions f,(z,t) from (1.10) for a
right-hand side f of the equation (1.1) one finds in Theorem 1.1 (see (1.9)).

In case of the wave equation for Problem P, the authors prove in Gram-
matikopoulos et al [11] lower and upper estimates for generalized solutions
with singularities on X .

Theorem 1.5. (Theorem 7.1 in Grammatikopoulos et al [11]) For the wave
equation

Uu = Upy g, + Uggmy — Ut =0 in Qo,
ulg, =0,  [ug+ au”Eg\O =0
let « € C*°(0,1] NC[0,1] be an arbitrary function. Then:
(i) for each n € N, n >4 define
gn(x,t) = folz,t)exp{A(lz| +1)} € C"2(Qo) N C™(), (1.12)

with fn(z,t) from (1.10) and A = const. Then there exists an appro-
priate constant Ag > 0, such that for A > Ay the corresponding gen-

eralized solution w, of Problem P, for f = g, belongs to C™(Q0\O)
and satisfies

1 T
[un (2, )=z = §\un(2x,0)| + colz| ™| cos n(arctan =2)|, (1.13)

Z1
where ¢y = const. > 0.
(ii) in case a < 0 an upper estimate holds
1
_ n—3 T2
Up(x1, 20,1)| < Cylx 1/2<¢) ?| cos n(arctan == , 1.14
n(1,22, 01 < Culal (gl eosmarctan T, (114

for
2n+1
(|2, £) € DY = {(0,t) : 0 < o—t <o+t < plo—1)}, p< 221 —1,

2n+1 3
where p < 2271 — 1, and C,, is a constant.

Remark 1.6. We see from Theorem 1.5 that in the case of Problem P, for
the wave equation with a(p) < 0 the corresponding generalized solution with
a special function f has lower bounds (1.13) and upper bounds (1.14) in
DY'. Note also, that the generalized solutions in Theorems 1.3 and 1.5 have
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singularities at the vertex O of the cone ¥3 and that these singularities
do not propagate in the direction of the bicharacteristics on the character-
istic cone ¥ . For results, concerning the propagation of singularities for
solutions of second order operators see Hérmander [13], Chapter 24.5.

In this paper we treat Problem P, in polar coordinates, i.e.
1 1
L[u] = E(ng)g + ?uw, — Uy + a1y + aguy + buy + cu = f,  (1.15)

(a1 = b1 cosy + bysinp,as = Q—l(bz cos ¢ — by sin go)) in case function f =
f(o,p,t) is of the form

flo,,1) = [V (0,t) cosnp + [P (0, 1) sinng (1.16)
and ask for generalized solution of form
u(o, o, t) = ug)(g, t) cosnp + ug)(g, t) sinnep. (1.17)

Following Grammatikopoulos et al [11], in Section 2, Problem P, is re-

duced to a two-dimensional problem (2.3) for functions {ug) (0,1), ug) (0,t)},
called Problem P, ;. Using characteristic coordinates { =1 —p—1t, n =
1 — o+t and new functions

u (&) =20 (0,t) == 02ul (0,1), i =1,2, (1.18)

we obtain system (2.6) for {ug),ug)}(&n) in D!, ¢ > 0, called Problem
P,2. Note that for the Problems F,; and P, 2 in Section 2 the index n is
omitted. See also Remark 3.1 at the and of Section 3.

In Section 3 we construct the equivalent integral equation system (3.13)
- (3.15) of Problem P, 2. This system is then solved in Section 4 by a suc-
cessive approximation method (4.1). Following some ideas of Popivanov and
Popov [28] for Problem P1, we obtain in Lemma 4.1 a basic estimate for a
singular solution of Problem P,. Using this result, Theorem 4.4 gives the

existence of classical solution {Uff), U7S2)}(5a77) e CcY(D}), U:ﬁ)&n € C(D}) of

Problem P, 2 and some upper bounds (4.15) for ]Uqgi) (&,m)] and the deriva-

tives \Ur(f) l, |U7g227| The exact condition of the order of possible singularity

appear naturally there. Going back to the (p,t)— coordinates we obtain
generalized solution ug)(g, t) of Problem P, ; and thus a generalized solu-
tion of the original Problem P, in €)y. One finds some a priori estimates
of all solutions of Problem P,, including singular ones, in Theorem 4.6. In
Theorem 4.7 these a priori estimates are extended in the general case when
the function f(z,t) is not only a trigonometric polynomial. Especially, in
Theorem 4.7 one finds some sufficient conditions on the Fourier coefficients
of the function f(x,t), under which the existence of the generalized solution
is given and some a priori estimates are proved. In the a priori estimate the
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possible singularity (|z|? + t2)~%/2 is of order a,, = n + C, where the con-
stant C' depends only of the bounds of the coefficients of the first derivatives
in the equation (1.1). Let mention also here the big difference between the
conditions on the Fourier coefficients in the present paper and in Popivanov
and Schneider [26], Aldashev [1], Grammatikopoulos et al [11] (see Remark
4.10).

In Example 5.1, Section 5, Problem P, for the wave equation (1.6) is con-
sidered. If in Problem P2 the function f € C'*(Qp) has an Fourier expansion

f(o,p,t) Z {f ) cosnp + £ (o, t)sin ne}, (1.19)

Theorem 5.1 gives some appropriate conditions on the Fourier coefficients

fél) and f7(L2)of f, such that the corresponding generalized solution u(z,t)
exists and some upper bounds hold. Some a priori estimates of u(z,t) one
finds also there.

In Example 5.2 the Problem P, is considered for the wave equation with
lower order terms (see Remark 5.2), in the case ¢ # 0 in the equation (1.1).
Theorem 4.4 gives some existence results and a priori estimates with order
a,, of possible singularity approximately n.

In Example 5.3 one finds a result for existence of singular solutions of
Problem P, and some below bounds for them. In the special case of singular
at the point O coefficients by, by or ¢ in the equation (1.1), are found some
right-hand side functions f,(x,t), the corresponding generalized solution for
which has singularity of order a,, > n + 1.

Open Questions 2. Can one find some regular coefficients by, b2, b, ¢, for
which the same phenomena of the order of singularity «,, > n + 1 appear?
3. Can one find some function f € C'(€p) such that the corresponding
generalized solution has an exponential growth as (z,t) —-O7
4. Can one find some orthogonality conditions in the case of the equation
(1.1), under which we have an lower order of singularity «,, instead of the
estimate (1.11)7

2. PRELIMINARIES

We consider (1.1) in polar coordinates (see (1.15)) in case

flo.p.t) = fV(0,t) cosng + P (0,t)sinng, n €N, (2.1)

and ask for the generalized solution to be of the form

u(o, p,t) = u%l)(g, t) cosnp + ug)(g, t) sinnep. (2.2)
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Following Grammatikopoulos et al [11], from (1.1) we obtain the system

1 (1) W (1) n?. ) @)
E(gunh@)g — Uy T QU + b3ty ; + (c— ?)un + nasu,;

_

T 2.3)
1 2 (
L ou2)e — i+ a2y bl (e~ "D — mal)

= 2.

To deal with singularities on t = p, especially at (0,0), we consider (2.3)
in the domain

Ge={(o,t):t>0,e+t<p<1—1t}, >0,
which is bounded by the disc Sy = {(0,t) : t =0,0 < o < 1}, and
Si={(et):o=1-1}, Sec={(ot):0=t+¢}

and treat the following problem (omitted the index n):
Problem P, ;. Find solutions u = (u"),u(?) of system (2.3) which satisfy

Uy e =0, [ +a(Qu)|g e =0, i=12.

Definition 2.1. A function v = (v, u®)(p,t) is called a generalized so-
lution of Problem P, ; in G¢, € > 0, if:

(1) ue CHGo), [u” + (Q)ul| g no, =0 vl |g npq, =0, i=1,2;
(2) The equalities

/ [ugl)vu — U(QI)ULQ

2
+ (a1u§,1) + bu,gl) + (c— %)u(l) + nagu® — f(l))m] ododt

= / a(e)uMviodo,
SoNIOG.

/ [ugz)vgﬂg — u£,2)vg7g

2
+ (aluf) + bu?) + (¢ — %)um) — nagu® — f(2))v2] ododt

= / a(o)uPuyodo
SoNOGe
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hold for all
v1,v9 € VY = {v e CY(GL)
o+ (o + b)UHS()ﬂaGa = 0,1}‘527606& = 0}.

Introducing a new function

i LG i i .

2D(o,t) = 02u (o, t) = 20 (0(&,m), t(&,m)) = UD(&m), i =1,2, (24)

in characteristic coordinates
E=1—p0—t, n=1—p+t (2.5)

we obtain the system

Uy - MU - Biuy? — U™ - DiU® = Fl(&,) in D,

(2.6)
UL — AU — BoUy? — CU® — DU = F2(€,)  in D,

where D, = {(£,17) : 0 < <n<1l—¢}and

. 1 1 s
1 1
A1=A2:1(a1+b), B1=B2=Z(a1—b)7
1 1( 4n2—1 (28)
D2:_D1:4mm(126&24{@j2—nﬂ+2—?—n_0}

Note, that Problem P, ; is reduced to the Darboux-Goursat problem for
the system (2.6) in D..

To investigate the smoothness or the singularities of solutions at the orig-
inal Problem P, on 3, we are looking for classical solutions for the system
(2.6) not only in the domain D, but also in the domain

DW= {(£n):0<E<n<1,0<E<1—g}, >0,

where D, C Dgl). Thus we come to the following

Problem P, 5. Find solutions (UM, U®)(&, n) of system (2.6) in Dél), which
satisfy the boundary conditions

vd©0,m) = 0,0 — UM)(E€) + al — OUDEE = 0, (29)

i=1,2,£€(0,1—¢),ne(0,1).
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3. A SYSTEM OF INTEGRAL EQUATIONS
FOR PROBLEM P, >

We consider a point (&g, 70) € Dgl) and rectangle R, triangle T defined by

R:={(&n):0<& <&, <n<m}

T:={(&n):0<&<&,E<n<&}-

By use of Green’s theorem in

) =//RU§;’<£,n)dfdn =/0£° (/; U dn) de,
O [[ vl dean = [ 50( :0 v (e, dn) e,

i =1,2, and the boundary conditions (2.9) we obtain

(3.10)

) ) o
121 = U0 — [Ta - U gde @)

We set p¥) := Uf(i), q® = ,gi) and define (see (2.6))

E(l) (5777) = [Fl + Alp(l) + qu(l) + ClU(l) + DlU(Q)](§>77)7

(3.12)
E®) (&) := [F? 4+ Ayp@ + Bog® + U + DU (¢, n).

Using (3.10) - (3.12) and (2.6) we obtain six integral equations (i=1,2)

) o no &o no
UD (&9, m0) = /O (5 E(‘)(Sm)dn> de +2 /0 < /0 E@(f,n)ds) dn

&o .
4 / a(l— UD(e. &) de, (3.13)
0

D (&,m0) = / EO( €§O)d£+/§ ED(&,m) dn
a(l —&)UW (&, &), (3.14)

. o
¢ (&0, m0) = ; EO (g, ) dé . (3.15)

The system (3.13) - (3.15) is equivalent to the system (2.6) with the bound-
ary conditions (2.9).
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Remark 3.1. We remind that in Section 2 the index n in system (2.3) was
omitted. We see that in (2.6) the coefficients C;, D; (i = 1,2) depend on n,
where on the right-hand side we have

FO(¢n) = 4\1/5(2 —n—&)7 1D (o€, n), t(€,m)).

Therefore for fixed n € N solutions (UM, U®)) of the integral equation
system (3.13) - (3.15) depend on n and will be later marked by (U,S”, 7&2)),
which gives functions (u%),ug)) by relation g%u(i)(g,t) = U,gi)(f,n) (see

(2.4)).
Furthermore we observe that classical solutions ( él), 79)) e cY(D)),
1 (2

Ur(:)gn € O(D}) of the integral equation system define functions (us’,us ")

which are generalized solutions of Problem P, in Go \ (0,0).

4. SOLUTIONS OF THE INTEGRAL
EQUATION SYSTEM

Following Grammatikopoulos et al [11] we solve the integral equation sys-
tem (3.13) - (3.15) by the successive approximation method. We define in

Dél) functions (U'r(n),p7(ﬂ)7 Q7(711)) i =1,2; m € N, by the formulas

Un, © 1(50,770)

fo o n
_ (%) ()
/0 ( ; EU (g,n)dn> d§+2/0 (/0 By (f,n)d§>dn

o )
+/ a(l—UD(E&de, i=1,2 m=0,12...,
0
. o . 70 )
pq(;b)+1(§o,770 2/ E( fafo)d§+/ E$) (g0,m) dn

o
+a(l = &)UW (&0, &), i=1,2, m=0,1,2...,
o
q7(n+1(£07770) /El(fno)dfv i=1,2, m=0,1,2...,
0

U() <§07770) = 07 yy Z)(£07770 — 0 q(()Z)(g()anO) = 07 1= 1727

(4.1)

in Dgl) , where

EW (€, n) = [F' + AiplY) + BigY + LU + DUP) (€, n),
ED(&,m) := [F? 4+ Aop@ + Bogl? + CoUP + DUV (€, 7).
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Lemma 4.1. Let for (§9,m0) € pY = {(&,n):0<E<n<,0< &< 1—¢},
e >0, and p € Ry define

Iy = /050 (/5:0(2577)‘“_2@7) d¢
+2/0€0 (/ggo(z—g—n)—“—zdn> d¢.

Then

1

I, < m(z — &0 —mo) " (4.2)

Proof. The calculation shows

1 &o o | o e v n=¢&o
IHMH[/O (2 &) \n:£0d§+2/0 R
o
:Mil om0 2207 e
= e -m e - @m0 - - m)
1 _
Sm@—ﬁo—no) o O

For the coefficients of (1.1) we assume Cd1 and using the notations

sup {[b1l, [b2], b} < K1, supc| < Ko, sup|a(o)| < Koo (4.3)
QO QO [071]

Then, from (2.8) we obtain the following bounds

2K, 3K

la1| < 2K, |a2’§7,|A1‘:|A2| STI’
3K nky nk;
viv+1) K Ko
Ci| =1Cs| < + + =,
=10l g mp T agme—y T

where v :=n — %

According to (3.12)

BQ (€)= {F'+ Al + Biai) + CUD + DU | (e.m),
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with 7 = 2, 70 = 1 and thus we have

(i) _ () v(v+1) K Ko | \776) _5100)
(BB el < { s + g s 4 S O -0

(v+1/2)K1 | (7 (r3)
= ul — v
@—¢—un) i
3K 1 1
+ 20 1+ 20 — g | (45)

fori=1,2.

Lemma 4.2. Let the condition Cdl1 be fulfiled and there exists a constant
A >0, such that

|(Urrza - Urrj, D(&,m0)| < A2 —E& —no)7H,
(P “ P ) (0 mo)| < A2 — € — mo) M, (4.6)
(g% q;} D (E0sm0)| < A2 — & —no) Y,

where p € Ry, w>v=n—1/2, m € N. If the parameter 6, is such, that
(n—v)(p+v+1)
> opp(p+1) + Bu+2v+2)K1 +2(n+2)Ka + Ko, (4.7)
then for m € N,i = 1,2 we have

(U1~ U (Eo,m0)] < AL = 8,)(2 — & — 1m0) ™,
(02,1 — i) €0y mo)| < AL = 6,)(2 — &0 — mo) 2,

60— ) )] < AL~ 8)(2 &0 — )51
Proof. Step 1. From (4.5) and (4.6) we obtain
3IU,K1

(EQ — BS )(Em)| < A2~ € —n) 2 {V(V+ 1)+ (2-¢-n)

T R C I LR RV AR

<A{vWw+1)+ Bu+2v+2)K; + Ko} (2—&—n) #2

From (4.1) we have

(U9, — U)o, m0) = A®</ ﬂiﬂ@nﬁ@)df
+2/0£0 ([ - B ) an

&o . .
+ / a(1—&)(UD - UD )&, €) de,
0
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1=1,2,m=0,1,..., and now using Lemma 4.1 we calculate

0
<A +1)+ Bu+2v+2)K + Ko} I, + AK,, / (2—-28)7"d¢
0

<A=& =)
X{V(V+1)+(3u+2y+2)K1+Ko}+AKa

p(p+1)
<AR2-8 —m)"
(p—v)(p+v+1)-— [(3u+2u+2)Kl+(u+1)Ka+Ko]}
pp+1)

(2 —2&)+

xXq1—

< A(1-6,)2— & —no) ™.
(4.8)

Step 2. Using (4.1), the estimate (4.5) and the assumption (4.6) gives
Py = P (G0 )| < A + 1)+ (B2 + 2K + Ko

</ "2 ) de + Aa(l — )2 — 260) "
< pAR2 — & —mo) Mt
(=) +v+1) = [(Bu+ 20+ 2)K, +2(u+ 1)K, +K0]}

xX<1—
pp+1)

= Al —6,)(2 =& —mo) !

Step 3. Obviously considerations as in Steps 1 and 2 lead to

|(q§riz)+1 — N (&0, m0)| < pA( —6,)(2 — & —mo) T* L 0

Lemma 4.3. Let now v =n—1/2,n € N be fized. If the parameter p is
enough large, 1 > v, then

(W=—v)p+v+1) = [Bu+2v+2)K +2(u+ 1)Ko+ Ko] > 0 (4.9)

and we can choose the parameter 6, > 0, such that the condition (4.7) to be

fulfiled.
Proof. We set A\ := p — v in (4.9) and get the equivalent inequality for
A>0:

M4 A2v +1 - 3K —2K,)
—[(5v +2)K1 +2(v + 1)K, + Ko > 0 (4.10)
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Since

A= (2v+1—-3K) —2K,)? +4[bv+2)K; +2(v + 1)K, + Ko] > 0,

the condition (4.9) is equivalent to

)\>%{\/Z—(2u+1—3K1—2Ka)}

(5v +2)K; +2(v + DK, + Ko
VA + (2v+1-3K; —2K,)

(4.11)

The proof is completed. 0

We now fix n € N in (2.3) and try to solve the Problem P, 2 in Dél),

e > 0, i.e. the system (2.6) with boundary conditions (2.9) where in (2.6)
we have

F{) = ’ (2 £ —n)2 £, n)

g

and Un (5 n) = g%ug)(g, t), i = 1,2. Now, we solve this Problem P, 2
in Dél), e > 0, using the successive approximations method (4.1) for the
integral equation system (3.13) - (3.15).
Theorem 4.4. Let n € N be fized. Assume:

(i) a1 = bicosp + basing, az = o0~ ! (bacosp — bysing), b, ¢ are functions
of (0,t), a=a(e);

(ii) by, ba, b, ¢ € C(Q), a(o) € CL([0,1)), £ € C(Q), i = 1,2;

(iii) the parameter p = p, is such large, that

(=) +v+1) > [Bu+2v+2)K +2u+ 1)K, + K] (4.12)

(see Lemma 4.3).
Then there emists a classical solution (Uy ) U,S )) e C! (Dél)),
n£0770 (&0,m0) € C’( ) of Problem P, and the estimates hold:

U En)| < A 2—-€—n)H (4.13)

\U“(@ | < nAS & - (4.14)

U (Em)| < pAs 2 —€—n)TrT (4.15)
where

Ay = —— x| = (20) 5 19 (p, ) (4.16)

: (e +1) Go 4\/§ S
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and
1
e+ 1)
x{(p—v)(p+v+1)—[Bu+2v+2)Ki +2(u+ 1)K, + Kol}. (4.17)

Proof. A calculation shows 1) m =0

uihEm =l n) =y =0 m DY,

EU () = F)(€,n) = —=(2— & — )2 1D (E,m).

1
12
(UZ UZ) (0,m0)

:/0 ( "B (e m) dn> d§+2/f° (/OnEéi%)<§,n>df) dn

o 5 .
/ (/g @—¢—n) “24\1/5(2—5—77)”#75?)(5,77)6177) e

- 2 Lo g et pl) > 4
+2/0 (/0 (2=&=n)" 4\@(2 E—m)!T2f (€ m)dE ) dn. (4.18)
With (4.16) and Lemma 4.1 we have

(U = U) (Goomo)l < 442 = & — m0) ™", (4.19)
where
1 1 5 s
— 9 _ ¢ prts ) ,
) %1?;!4\/5( E—mF T2 (&)l

1 1

max
ple+1) G 4v2

(2p)"+3 £ (p, 1)),

Likewise we obtain

o .
(b= 2t) (6om) = [ 12— @) h € e de

70 1 1 .
_ 3 (1)
+/§0 4\f(2 §o—n)2fr (o, m) dn

and with (4.16) and integration

(B = pi0%) (€o,m0)| < A2 = G0 = m0) ™, (4.20)
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respectively
| (qni,)l - qff)o) (£0,m0)| < pA(2 =& —mo) 7 (4.21)

Now with Lemma 4.2 and induction, there exist a sequences {U,(f?n},

{pgf)m} and {qg)m} ,m € N, of continuous functions and the estimates

| Uv(zZZn—i—l Uyz”) (§0,m0)| < Ap(l —0,)™(2 =& —m0)H,

(Pt = PHon ) (G0,m0)| < pAL L= 8,)™(2 = S0 —mo) !, (4.22)

| qs)erl —qn m> (€0, m0)| < pA(L = 6,)™(2 = §o —m0)

hold for m € N and n fixed. According to the condition (4.12), 4,
pu
3

The functions {Uym,pg)m,qni)m}:: , n fixed, belong to C(D )) and we

(2)

have uniform convergent to functions {Ufl ), Pn ,qn } eC Dg )), as m — 0o
and

o0

U (€0,m0)| < Z O = U ) (Eom0)| < Aud, 12— €0 —mo) ™,

‘ OU (€0, m0) ’
08

anmH PO (o mo)| < 1AL (2 — €0 —mo) ML, (4.23)

aUn : o0 _ ——
2 o) 5 @l ) o) < 20— )

Finally, U 0 e C’(Dél)) follows from (3.13). O

n,§0mM0
Remark 4.5. Actually, the parameter p shows the possible singularity of
the generalized solution at the point O. According to this, the best choice
of it u = p, would be closely to the inf i of those values of p, which satisfy
(4.12). The parameter ¢,, which shows the growth of the constant in the a
priori estimate (4.13), one finds from the condition (4.17).

Let now the function f € C(€Qp) is a trigonometric polynomial

l

fleot) =Y {fV (et cosmp + £ (0. t)sinme}. (4.24)

n=0
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Theorem 4.6. Let the conditions (i) - (iii) of Theorem 4.4 be fulfiled. If the
function f € C(Qo) is of the form (4.24), then there exists one and only one
generalized solution u € C*(Q\O) of Problem P, and the a priori estimates

l
et <3 e fmax g 159 0,00 + 172 2.0 o

> 1D u(a, )] < chan{%axg 0.t + 122,01l

181=1 n=0

hold, where ¢, = {p(p+ 1)5,,}71 and the orders of singularity oy, > n are
such large that

a2 > n® 4+ Ban + 2n — 1/2)K; + 2(a, + 1/2)K, + Ko. (4.25)

n

Proof. Note that for a fixed n in case Theorem 4.4 holds, we get from

02 u%)( t) = Ul (&,m), i = 1,2, generalized solutions (ug)(g,t),ug)(g,t))
of Problem P,,1 , smooth in Gy (0,0) and generalized solutions u(o, ,t) =

ull )( t) cos ngo—i—ugl )(Q, t) sin nep of Problem P, , which are smooth in Qy\ O.

The only one difference is that now a,, = p, + 1/2 and we must replace the
condition (4.12) by (4.25). O

We will treat now the general case of Problem P, for f & C(Qq), when
the trigonometric polynomial (4.24) is replaced by

Flovpt) = 3 {00t cosnp + 2 (2. ) ). (4.26)

n=0

Theorem 4.7. Let the conditions (i) - (iii) of Theorem 4.4 be fulfiled and
the function f € C(Q) be of the form (4.26). Let the Fourier coefficients

(1), f,(f) be such that

o0

Z{n}_;aoxg" [|f,§ (0, ) + | P (o, )]}}z” < o0, Vz > 0. (4.27)

n=1

Then there exists one and only one generalized solution u € C'(Q\O) of
Problem P, and the a priori estimates

et <3 e {1590, + 112000 a2,

Z \D’B u(z, t)| < chan {maxg [\f (0,t)| + !fg)(g,t)@}\x]—an—l

181=1
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hold, where the orders of singularity o, = n + %Kl + Ky+e (e >0) and
¢n = 1/n, for each enough large number n € N.

Proof. In view of Theorem 4.6 it is enough to check only the values of «y,
and ¢,. Using Lemma (4.3) and computing the condition (4.25) with the
above values of a,, = u, + 1/2, we see that it is equivalent to

2
1
p(p 4+ 1)6, := 2ne + (;Kl + K, + 5) ~3 (16K + 6K, + 6 — 1) K
— (5K1 +2Ky+2c+ 1)K, — Ko > 0,

for n > Ni(K1, K4, Ko, €) and then p(p+1)9, > ne for n > No(Ky, Kq, Ko,
€). O

Remark 4.8. According to the Proof of the above Theorem 4.7, one can
choose even ¢ = ¢, — 0, if ¢, are such that ne,, — oo.

Remark 4.9. Compare with the exact results of singularity of order o, =
n for the Problem P2 for the wave equation without lower order terms
Popivanov and Popov [27], we see that the order of singularity here «;,, =

n+ %Kl + K, for large n € N, is possible higher with the fixed value
(%Kl + K, ), which does not depend on n and Kj.

Remark 4.10. Let mention here the difference between the condition (4.27)
and the analogous one for existence of generalized solution in the case, when
f is not trigonometric polynomial :

5 g ) % (e + 152 ) < oo
(see Grammatikopoulos et al [11]).

5. EXAMPLES

Example 5.1. We consider Problem P2 for the wave equation, i.e.

1 1 .
Ou = Uz zq + Ugozy — Utt = 7(@“’9)9 + 72”"090 — Uit = f m QO’
P2 ¢ ¢

ulg, =0, s, =0.
(5.1)

Thus we have by = by =b=c=0; a1 = a3 =0, a(p) = 0. First of all, for
f =t (o t)cosnp + [P (o,t)sinng,  neN,
we ask for generalized solutions in a form

u(o, ¢, t) = ul) (0, t) cosng + u? (o, ) sin ne.
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From (4.3) we see K1 = Ky = K, = 0. Assumption (3) in Theorem 4.4
holds for p > v =n— %, such that we choose u—v = 1/n and thus by (4.17)

22 +1

Pl )8y = (=)t v+ 1) = 255 (5:2)
According to Theorem 4.6
() n p(i) —n—1
Jun’ (0, )] < Y max[g" ;7 (e, t)] 0™ (5.3)
0

With this estimate and Theorem 4.7 we formulate
Theorem 5.1. Suppose that in the problem (5.1) with
[o.¢]
Ft) =3 {F0(al,t) cosne + 2 (Ja], t) sinne }
n=0

there is a sequence {an}> 1 with n™ta, — +o00, as n — oo, such that for

the Fourier coefficients fn and fn of the function f(x,t)

Zmax{ Do)+ 12000} explan) <00, (5.4)

Then there exists one and only one generalized solution u(x,t) of the Prob-
lem (5.1), for which the a priori estimates

u@ 0l <3 {%ax o [110(e, ) + 172 (0. 1) } a %
n=0 0

Z |DPu(z,t)] (5.5)

I81=1

<Z {maxe [fm(@,t)!+\f£2)(@,t)\}}m-n—l—i

hold.

Proof. Obviously, the condition (5.4) implies the convergence of the series
(4.27) in this case. Thus, from the above calculations and Theorem 4.7 the
estimates (5.5) follow immediately. O

Example 5.2. In Qy we consider the Problem P, with a =0 :

Ug 2y + Upggy — Utt +CU = f in €,
uly, =0, wls, =0.

where ¢ = ¢(|z|, t).
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Remark 5.2. Note that an equation
L{a] = Ot + byiig, + baiiz, + b3ty + ¢t = f,

where by, b, bg are constants and ¢ = ¢(|x|,t) is a continuous function, can
be transform to an equation (5.6) by u = ﬂexp{%xl + %ng - gt} with
c=2¢&— (b} +b3—v?).

First of all we are looking for a solution of Problem (5.6) for the function
f(x,t) of the form

f = 19 (0,) cosngp + F2 (0, ) sinme,
in which case we ask for generalized solutions
u(o, ¢,t) —U( )( )COSTM,D-i-u( )(Q,t)sinmp

of (5.6) in ©Q0\(0,0,0). According to notations (4.3), now K; = K, = 0,
Ky = max|c|. Condition (4.25) in Theorem 4.6 becomes

a2 >n? + Ky,

which is satisfied if we choose a,, := n + Ky/2n. With this choice of «,, we
have the following requirement for the value (4.17) of 4, :

K K Ko\?
e+ 108, 5= (o = ) (e + ) — Ko = 502+ 5%) — Ko = <2n)
Thus, according to Theorem 4.6 it follows
; 4n? . Ko
20,01 < oz {maxl" 0 0.t o 5.7
0 0

Theorem 5.3. If for the problem (5.6) f»,(f)(g,t), c(o,t) € C(Q), then there
exists a generalized solution

u(o,¢,t) = ulM (0,t) cosnp + ulP (o, t) sinng
and the estimate (5.7) holds.
From Theorem 5.3 and Theorem 4.7 we obtain

Theorem 5.4. Suppose that in the problem (5.6) with

[e.9]

Fat) = > {0 (el ) cos g + £ (Jal, ¢) sinng },

n=0

there is a sequence {a, %, with n~la, — +00, as n — oo, such that

Zmax{ "7 )1+ 12 (0. )]} explan) < oo,



Estimates of Singular Solutions of Protter’s Problem 245

Then there exists one and only one generalized solution u(x,t) of the Prob-
lem (5.6), for which the a priori estimates

[ua. 0 < Co 3’ {r%ax o[£ (0. D] + 112 (0.1) } jaf

n=0 0

> IDPu(z, b)) (5.8)

I81=1

N K
<o 3on {max s [1£00. 01 + 152 0] el

n=0 0

hold, where Cy = 4K0_2.
Example 5.3. For the equation

1 1
Lu = E(QUQ)Q + ?u%@ — U + a1up + bur + cu = f(@y 907t) in €, (59)

we consider the boundary conditions of Problem P,, i.e. (1.4), and prove
the following result.

Theorem 5.5. Let a(g) > 0; a1, b, ¢ € CH(Qp\O), depend only on (|x],t)
and
ay(fz),t) = [bl(lx],2),  |zllar(|a],t) = 2fxle(], t)] = co >0,

(lz], 1) € Qo, (5.10)

with some positive constant co. Then for arbitrary n € N, n > 4, there
exists a function f(z,t) € C"2(Qy)NC>(Qp), for which the corresponding
generalized solution uy(x,t) of Problem Py belongs to C%(Q0\O) and satisfies
the estimate

1 X
[un (2, )li—ja] > Flun(22,0)] + |~ *7)] cos n(arctan ﬁ)\,

0<|z|<1/4, (5.11)
with some positive constant o.
Proof. Let the number n € N, n > 4, is arbitrary and fixed. Denote
o= ( n?+co/2 — n) > 0, i.e. 20(2n+ o) = ¢p. Now, consider the special
case of Problem P,:
Lu=f,=0""(0* = t3)""" Y2 cosnp in Q. (5.12)
Observe also that

fn(z1,20,t) = (ac% + x%)_”_"/Q(ﬁ + x% — tz)”+"_1/2 Re(x1 + izo)"
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and obviously f, € C"'1=2(Qg) N C>(€yp). Theorem 5.1 from Gram-
matikopoulos et al [11] states that the Problem P, for equation (5.12) has at
most one generalized solution. On the other hand, from Theorem 5.2 from
Grammatikopoulos et al [11] it is known that, for the above right-hand side,
there exists a generalized solution in 2y of the form

un(Qa ®, t) = ufgzl)(tga t) cosny € OQ(QO\O)

As in Section 2, by setting u7(12)(g7 t) = Q%ug)(g, t) and substituting

E=1—p—t, n=1—p+t, (5.13)
the equation (5.12), with boundary conditions (1.4), in view of

U(&m) =ul (o(&,m),t(&n)), (5.14)

becomes a Darboux-Goursat Problem Py :
Uen — AUe — BU, — CU = F(€,1), (5.15)
U, =0, (Uy—=Ue)(§E)+a(l-=U(EE) =0. (5.16)

Remind, that the coefficients of (5.15) are defined as follows:

1 1
Azz(al‘i—b)zo, Bzz(al—b)zo,

1 an? —1 a1 (§,n)

(5.17)

Fleon) =23 LM ¢ gt o)

F(&mn) >0, (5.18)
where Dél) ={(&n):0<f<n<1,0<&<1—¢}, e >0 and we preserve
the same notations for a;,b and ¢ in the new coordinates (£,7). Next, in

view of Theorem 3.2 and Lemma 3.1 from Grammatikopoulos et al [11], we
formulate the following result.

Proposition 5.6. There exists a classical solution U(¢,m) € C%(Do )\ (1,1))
for the problem (5.15), (5.16) for which

UE,n) >0, U&n) >0, Uy&n) >0 in DO,
Set

KE=[ F2(¢,m) dédn > 0. (5.19)
Dl
2
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Then for 0 < ¢ < 1/2 it follows from (5.15) that

O<K§/pgl> F2(€,m) dfdnz/D (Ueq F)(€, m)d dn

(1)
N /D(l) [((AU: + BU, + CU)F|(§,n) dédn.  (5.20)

By (5.18), it is obvious that F'({,1) = 0. So, in view of (5.16), (5.20) becomes

1
0<K<—/ Ul —e,n)k,(1—¢,mn)dn

1—¢
l1—¢
- [ e orEo + U ORE Ol de
+/ {(an—CF)U—F(AUg—{—BUn)} d€ dn. (5.21)
pV
An elementary calculation shows that

1 1—n
Fe&m) =-n+o-s)a—ga—c=
1 1-¢

B&m =-nto- ) asa_e=

Fe(£,8) = Fy(&,¢) = _é(n+ o — %)(1 _ g)n-l—a—%

F(&,mn) <0,

F(&m) <0, (5.22)

and
4n+o)?—1 B
mF(fjﬁ) = 0. (5.23)

So, because of (5.10), (5.17) and Proposition 5.6,

an(g, 77) -

(Fey — CF)U — F(AU; + BU,)

B a1(§;n) d0(2n+0) | FU
_—{2_77_5—0(5777)_(2_5_77)2}4 F(AU£+BU,7)§O.
Thus, we find

0< K< - /0 U6 OF(E ) + U OF(E.6)) de

— /1 U(l—e,n)F)(1—¢,n)dn, (5.24)
l1—e

where, as it is easy to check from (5.22)

Fy(&,6) = 5[F(E, 6l (5.25)
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The function U(&,7) is a classical solution of (5.15), (5.16) in D, € € (0,1)
with

Uele,€) = 5[0, &)l + 3ol ~OU(E.E). (5.26)

If we substitute (5.25) and (5.26) into (5.24), we get

1 1—¢
K< [ (reovEo i

1

1-¢
5 [ a-ouEor€oa- [ va-enr-cnd
0

1—¢

l1—¢
- F—e1=a -5 [ at-guEeorE

1
_/1 Ul —e,nF,(1—¢,n)dn. (5.27)

—€

Next, in view of Proposition 5.6 and the properties of the function F'(&,7),
we find

U(ﬁﬂ?) Z 07 Un(fvn) 2 07 O‘(f) 2 Oa F(£7 77) 2 O’
Fy(&m) <0 in DY,
which together with (5.27) and because of F/(1 —¢,1) = 0 implies

1
1
Ks/ U1 - e n)Fy(1 = &) dy = S(FU)(1 =1~ )
1—e
1 1
= ) U(l_gan)’Fﬁ(l_E7n)’dn_i(FU)(]'_871_8)
—€

1
< [ va-enin0 -l - (PO -1 -0

:{U(le,l);U(le,ls)}F(ls,ls).

: _1
Since F(1 —e,1—¢) = 1”772, we have

1

1
0<K< {U(l —e 1)~ 53U —el —g)}g"+02.

I

For§ =1—¢,7=1 we have p =t =¢/2 and so

1

0< 4Ke2 "7 < ul?) (E, E) — —u?(e,0). (5.28)
22 2

Finally, the inverse transformation gives

m (e ey 1o 5 —(nt0) > o—(nto) 1
Uy, <272)_2un (570)+CIE _ClE s 0<€<27
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where C; = 23 K. Multiplying the function u, by C;*', we see that (5.11)

holds for the solution of equation Lu = C‘l_ L £, with boundary conditions of
Problem P,. The proof is complete. ]

Remark 5.7. Note that the second of conditions (5.10) can be satisfied only

1 2

if the coeflicients a1 or ¢ grow up like o~ and p~“ respectively.
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