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ABSTRACT: In this paper, the boundedness of two classes of operators
is discussed from the Lebesgue spaces to the Triebel-Lizorkin spaces. One
is the commutator generated by the strongly singular convolution operator
and Lipschitz function, the other one is the generalized Toeplitz operator
generated by a class of strongly singular Calderén-Zygmund operators and
Lipschitz function. Moreover, the corresponding result of the commutator
generated by fractional integral operator and Lipschitz function can be de-
duced immediately.

AMS (MOS) Subject Classification: 42B20, 46E35, 47B35

1. INTRODUCTION

The strongly singular integral operators have important background in
multiple Fourier series. For a suitable function f, its Fourier transform is
defined by

A~

F(HE) = f(&) = - f(z)e ™28 dy,

Let 6(&) be a smooth radial cut-off function. #(§) = 1 if |{] > 1 and
(&) =0if ¢ < % The strongly singular integral operator is defined by
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F(T*f)(&) = 6(¢) Q‘i f(€), where 0 < s <1,0 < a < 5. Let A = ”S{E_a,

s

the convolution form of T%% can be roughly written as

!
ey —S
pile—y]

> f(x) = p.v. E;:zﬂgzyxﬂw-—ybfﬁndy

Here s = 12 and x denotes the characteristic function of the unit interval
(0,1) C R. Since s and « do not appear in the convolution form apparently,
we would like to use T%* instead of T to denote this operator.

Fefferman [5], Hirschman [6] obtained that T was an (LP,LP) type
A

operator when |f — i <3-2,

namely =%~ /\ < p < 2 and pointed out
that the range of p is the best.

When 0 < 8 < 1, the Lipschitz space Aﬂ consists of functions satisfying
|fz+h) - f(2)]

If1l4, = z,heﬁ?#o P < 0.

Li [7] discussed the boundedness of the commutator
(b, T(f) = T2 (bf) = bT(f)

generated by T%* and Lipschitz function b on LP (R™), 1 < p < oo. In this
paper, we are interested in the boundedness of this commutator from the
Lebesgue space to the Triebel-Lizorkin space.

Another class of strongly singular non-convolution operators, which is
called strongly singular Calderén-Zygmund operator, was introduced by Al-
varez and Milman [1].

Definition 1.1. Let T : S — S’ be a bounded linear operator. T is called
a strongly singular Calderén-Zygmund operator if the following conditions
are satisfied.

(1) T extends to a continuous operator from L? into itself.

(2) T is associated with a certain standard kernel. More precisely, there

exists a function K (x,y) continuous away the diagonal on R?" such that

_ 4|0
K(e.y) ~ K(2.2)] + [K(y.2) - K(zo)| < 0220
= 2
if
2y — z|* <|x— 2z for some 0<d<I1,0<a<l,
(Tf,9) /K z,y)f(y)g(z)dydz, for f,g € S with disjoint supports.

(3) For some n(1 — a)/2 < B < n/2, both operators T' and T™ extend to
continuous operators from L7 to L?, where 1/q = 1/2+ 3/n.
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The properties of the strongly singular Calderén-Zygmund operators are
similar to those of Calderén-Zygmund operators, but the kernel is more
singular near the diagonal than those of the standard case.

It is easy to see that the commutator generated by fractional integral op-
erator and a locally integrable function b can be regarded as a special case of
generalized Toeplitz operator ©F, = > (TjaMplao T2 + Tjslag MpTja),
where T} ; are Calderén-Zygmund operators or I ([ is the identity oper-
ator), T} 2, T)j 4 are the bounded linear operators on L?, T3 = £1, My f(z) =

b(@) f(z), Log f(z) = [gn #dy is the fractional integral operator. When

y[" o
b € BMO (see Qiu [10]) obtained the boundedness of ©%  on Homogeneous
space from LP(X) to LY(X), 1/q¢ =1/p — .

Now we consider the strongly singular Calderén-Zygmund operators in-
stead of the standard Calderén-Zygmund operators in the definition of gen-
eralized Toeplitz operator @go. We are interested in the boundedness of
e, = > (TjaMplayTj2 + TjslagMpTja) from the Lebesgue space to
the Triebel-Lizorkin space, where T} are the strongly singular Calderdn-
Zygmund operators or &1, T} 9, T} 4 are the bounded linear operators on L?,
T;3 = +£I, bis a Lipschitz function.

Let us state our main results.

Theorem 1.1. If 0 < A < min{1,%2} b € Ag,, A < B < 1, then the
commutator [b, Ts/’)‘] 8 bounded from LP to the homogeneous Triebel-Lizorkin

spaceFf% , where —— /\ <p<00,0< Py < (Br—A)(1—35s).

Theorem 1.2. Suppose @ao(f) = 0 when f € LP(R™). Let o, 3, § be as

in Definition 1.1. If0 < ag < &, b€ Ag,, 0 < By < % then ©%,

is bounded from LP(R™) to the homogeneous Triebel-Lizorkin space Ffo’oo,

where2<p<070,§—% co.

It is obvious to see that the range of p and [y can be extended to 1 < p <
2 and 0 < By < 1if T} = £ from the proof of Theorem 1.2, which we

ag
will give in Section 3. Thus we can obtain the following corollary.

Corollary 1.1. Ifb € AgO(R"), 0 < By <1,0 < ay < n, then the
commutator [b, Io,] is bounded from LP(R™) to Ffo’oo, where 1 < p < -

ap’
1 _1_ a

g p n’

Remark 1.1. It should be pointed out that the result of Corollary 1.1 had
been obtained by Lu and P. Zhang [8] (Theorem 1.6), but the method of the

proof here is different.
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2. MAIN LEMMAS

In this paper, denote @) a cube with sides parallel to the axes. For ¢ > 0,
c@ is the cube with the same center as ), and the side length increased c
times. Given f € L] (R"), define the maximal function by

1/p
f;,P(x) Sup<|Q1 —qp/n / ‘f ‘pdy> , 0<g<o0,1<p<oo.

It is easy to see that fj(z) is the Hardy-Littlewood maximal function,

fo @) = [(1fP)51]VP(2), and f5, (z) < f5,,(2) for p1 < ps and f €
LP? (R™) by Hélder’s inequality.

loc

Lemma 2.1. (see Paluszyniski [9]) For 0 < 5y <1, 1 < p < oo, we have

||h||F£0,oo R sup 1nf |Q|1+ﬁo/n/ |h(y) — c|dy

p

iz 70

Lemma 2.2. (see Chanillo [3]) Let IN(ap(:E) WX(K‘”KI)( x), x €
R", 0 < b <00, 2< p < oo If (24 )fp < L. then K5, * fll, < CyllFly.

1,1 _
where p—l—p, 1.

Lemma 2.3. (see Alvarez and Milman [1]) If T is a strongly singular
Calderon-Zygmund operator, then T can be defined to be a continuous oper-
ator from L to BMO.

Alvarez and Milman [2] also proved that the strongly singular Calderén-
Zygmund operator T is of weak (L', L') type. Thus we can get that T is
bounded on LP; 1 < p < oo, by the interpolation theory.

Lemma 2.4. (see Stein [11]) The fractional integral operator 1o, is bounded

from LP(R™) to LI(R™), where % = % - l<p<g.

Lemma 2.5. (see Chanillo [4]) The mazimal function f (x) is bounded

from LP(R™) to L1(R™), where 1 <l < p<n/a, f:%—f 0<a<n.

3. PROOF OF THEOREMS

Proof of Theorem 1.1. Since ng“i/\ < p < 00, there exists a ¢ such

nTS/} 7% is bounded on LY; see Fefferman [5],

Hirschman [6]. Choose a I’ satisfying max{2 + §', ¢ } < l' < oo, where ¢ is

the conjugate exponent of ¢, then 2+S < 1. Denote + 7+ ll, =1,s0l<q.
From Lemma 2.1, we know that
s’ /\ .
supmf Lo /n/ [[b, T° ] (f)(y) — c|ldy

1B, T A1) oo = . (3.1)

p
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so we just need to estimate

) 1 o\
ZgligeléW/QHb’T 1(/)(y) = cldy,
for any x € R"™.

Fix xg € R™. Let @ be a cube centered at xg whose side length is r. We
only need to consider the situztion when r = 2*, k € Z.

Case 1. 0 < r < 1. Let Q1 be the cube centered at xy whose side length is

B2l’+n
B+ < L

Denote f1 = fx2q, f2 = fxQ.\2q f3 = f—fi—faforr™ > 2r, fi = fxoq,
fo=0, fs=f— f1 — fo for r** < 2r, and

eilzo—2 = zg) — b(z
R L o) =0 g

n |zo — 2|™ |zo — 2|*

r¥ where u; =

We have that
1 s’ A
o [, I T ) @y
< v [ BTN+ o [T )l
QMTP/m g QM/m g
g | [T 16500) @)y
=10+ I+ Is.
Let us estimate I; first. Since 7% is bounded on L? and 0 < r < 1, let
bg = ﬁ Jo b(y)dy, then
I < g )~ el )y
+ gt Jo 19 (bg — blf) (v)ldy

<C ri b FY d
< i Pl [ 117l

; L s’ A _ q P
+!Q\52/"<Q|/Q’T (Ibg — B11) (W) dy)

1
1 W q
< Cri b, <‘Q,/Q!T ’Afl(y)lqdy>
1

+Cr= 2 <|Q| /2Q b — b(y)qlf(y)lqdy>;

1
1 q
<o by, (g [, 1w
< Clbly, £ q(a0)
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Then we estimate I». Since fo = 0 for r** < 2r, we only consider r*! > 2r
here.

1
I S’QPTW
o eilv—=I"* o [bw) —b(z)  b(xo) —b(2)]
ol [ = "[ PEE }f“ |y
ellv—="" [b(z0) — b(2)]
QI”BZ’/"/‘/ e XA T o R
< g
eilv—=I~" _ o |bw) = b(z)  b(xo) — b(z)
<Sol [ Gzt = [ - M e
etly— Z\ o
g !/ )
B [b(z0) — b(2)]
|:y z|n(1 %2) |zo— zn(l_S/lJ’FQ)] |zo Z|>\ falz)dz
etly—21" y 1
o ‘/ X =2
% (’ZO) Zb|()\2)]f( )dZ d
= Io1 + Ioo + Io3.
Using the fact that
[b(y) —b(2)]  [b(xo) — b(2)]
ly — 2 |20 — 2*
_ [b(y) — b(z) — b(xo) + b(2)]
ly — 22
+[b(560) —b(z)]  [b(zo) — b(z)]
ly — 2A |20 — 2|A
= PO 0] |y — b(e) | — e )

ly — 2 ly == Jzo — 2
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we can estimate Io; as follows.

b(y) — b(ao)
I ]Q‘H"BQM/ /2Q ’y—z!"‘*"\ |f(2)|dzdy
1

z)|
dzd
|Q‘1+52/n/ /QQ)C ‘y_z‘n !y—z!A 20 — 2 |f(2)|dzdy
< OB || / FAG)| S
ﬁl (

20)e |To — 2| A

_ T
+Or by, / |x0_zw+l,ﬁl|f<z>\dz

_CT/BI ﬁz”b” 512/2 (Z)‘ dz

k+1Q\2kQ |:E0 — Z|"+)‘

Crl=B2 ]l / |f(2)] p
e HA‘*l; prriguakg [T0 — 2P AR

00
1 1
<Ol S e (=)l
ABI ; (2k7“)>‘ |2k+1Q| 9k +1()
00
1 1
+Cr=P2 ||| ; f(2)|d=
|| “Al}l; (ri))\+1_61 |2k+1Q’ 2k+1Q’ ( )|

< Oy, 2 5 4 (o)

< Clblly, 15, q(x0)-

We get the estimate of Iy9 by the similar method of Io;.

, / / 1 1b(x0) — b(2)|
- \Wz/n 20)° 42) [zg — 2

ly — Zl
! |17(e)ldzd
s +2 s/ z y
Iy—Z\"(1 G o — 2|0~
_ T
<Cr BQHbHABl (20)° 2o — Z|”+)‘+1751 | f(2)|d=

< Oy, 5, q(0).

Since r“t > 2r, there exists a N(r) € N such that 2V < 41 < 2N+1p,
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By Holder’s inequality and Lemma 2.2, we see

etly—z1" o 1
I —z ;
n < gt ([

ly — 2™
N
x,”j;)_Z,& ”f2< hiz| )

l

1

0 ([ wie) )
< ] : d
< g ([ el

C lzg — 2|7 l
<ol ([ e
Qv+ PAJQi\2Q |3y — 2P T
1
— By s (B £ ()] !
< CHbHAng o PG </ (1-= +2) dz
Q\2Q |zo — z|"

n l %
< Clbl; r‘l"ﬂ%“l(ﬁl‘”@ / LI )
B1 1 2k+1Q\2kQ ‘xo _ (=)

2|
< C||bJ4 r 1 P2 (BL—2)
Ag,

N 1 1 T
l
X y z)|'dz
<; (gkr)n(l—ﬁ)l n [2FF1Q)] 2k+1Q’f( ) )
= Ollbly,, 7
1

N 1
s/+l 1 l

2k Ny ld
(e gy [ W)

k=1
‘41 n
< Olfplly,, r* P T R f (a)

_ n(s’-&-l) _n_
= Cloly,, O TR g o)

< Cllblls, fi o).
At last, we give the estimate of I3.

I < g / \ly ler; =) [ = ]

xfg(z)dz‘dy

z|y z|” s/ ei\xo—zrsl
g ol [Ty =0 =1~ g0 =)

Mfs(Z)dz dy

= I31 + I32.
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From the definition of f3, suppfs C (Q1 U2Q)° C (2Q)¢, we can use the
similar method of I to get the estimate of I3;.

Tyt < Clbllg, fi,o(o).

It is easy to see that u; < ﬁ from the hypothesis of the theorem.
Using the inequality
ei\y—zrsl ei\xo—zrs/ r
ly—z" e — 2 o — 2|+

and noticing the fact that suppf3 C (Q1U2Q)¢ C (Q1)¢, 0 <r <1, we have

- b(zo) — b(z)|

I3y < Cr=P2 . | d

v /Q; |zo — 2"+ | — 2 1F(=)ldz
< C”b|’1\61r1_52/ 7(z) dz

Qs |x0 _ Z|n+s’+1+)\*51

ZOO £ (2)]

_ 1B

N OHb”Aﬁlr ’ /2 0 — z|PHs A=A dz
k=0
oo

k+1Q1\2kQ1 ]a;
1

R k —(s'+1+A=B1)
SCHbHABlT ” 2(2 T 1 12KH10Q4 | 2k+10Q,

F(2)ldz
k=0 ,

< Ol r= TN 4 ()

< Cllbls,, i, q(wo).

Thus,

1 s’ *
o [, [T @y < Ol fig(oo) 83

Case 2. r > 1. Let ()2 be the cube centered at xg whose side length is %2,
where ug = [51;ﬁ2] + 1, then ugy > ’81;'32 > 1. Here for s € R, [s] denotes
the largest integer no more than s.

Since r > 1, there exists a Ko(r) € N, such that r = 250 'We decompose
Q- into 2"2K0 ynit cube Aj. Number these cubes like Q = Ujgznxo Aj,
Q2 = UnganKo 4;.

Set j ~ k to mean that A; and Ay are adjacent. For a fixed j, there are

only finite k& such that j ~ k, and the finite number just depends on the
space dimension n.

Denote f4 = fxq,, f5 = [ — f1, and

ez’|x07z|_s/ z0) — b(z
Q= [ T - o) =B g

n |zo — 2|

We have that
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1 s’ /
W/QW)’T ’\]f(y)—c(Q)!dy

< g, T A
g BT )~ @)y
=11 + I1s.

Let us estimate I, first.

s!

etly—21"
I |@|1+ﬂz/n/ ’/ " z\" — A

\y Z| \xo ZlA
z\y z|™ s €i|zofz\_sl
|Q|1+52/n / ‘/[ z[” x(ly — 2|) — WX(L'EO —z])
b (zo) — b(2)]
—_ dz|d
w0 — 2P W
= 11s1 + I1os.

By using (3.2) we can get the estimate of Io;.

|b(y) — b(zo)|
Il < |Q|1+52/”//c |y—z\”+)‘ |f (z)|dzdy

’b SUQ —b | 1
dzd
|@rl+ﬂz/n/ / T PESuRren HOLE
B1—B2 |f(2)]
<Cr HbHAlﬁ o5 T0 Z‘nJMdz
_ r
+Cr o] /QC e ()l
2
o
= crﬂl—ﬁszH . / Mdz
Apy kz:;) 2hF+1Qa\ 2k Qs |xo — Z|”+>‘
(o]
=Bl / £ (2)] p
e | HABIkZ_:O 2kT1Q2\28Q2 |mg — z[nHATL=A :
o0
1
< Crﬁl—ﬁ2||b||. (2kru2)—>\7 £(2)|dz
Ap, kZ:O |2k+1Q2‘ 2k+1Q2| ( )|
[o¢]
1
+Cri=P2p)| . okpug\—(A+1-p1) = d
PPy, Do) TG fyn, O

k=0
< Ol (70 4 B0 ) £ G

(B1=A=B)(B1—1) >
A

<l (147 f5 1 (@0)
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< C||bHA61f§,q(f)(9€o)-

Like the method of I35 we can estimate Is9 as follows.

Iy < CHbHABl 7.1—,32—u2(1+s'+)\_51)f6‘71(550)

(=B (B1—2A—B2)+(B1—B2)s’
< Ol v ; i 1(a0)

< Clbll5,, 15,4(@0)-

At last, we give the estimate of II;. Let x; be the center of A;.

1 etly—zl~ o
15 —//Xy b(y) — b(2)|f(z)dz|dy
,Q‘H@/n o, = (Iy — zD[b(y) — b(2)]f ()
2nK0
< g Z/ )= bl
ZIy T 2"u2K°
etlu— ZI o
‘Q|1+62/n Z|n+)\X (ly = =)
2nu2K0
+ Z 2)fxa,(z)dz|dy
2nK0
< g Z/ Py = ol
ZIy T
kNJ
2nK0

‘Q‘l-‘rﬁz/n Z /

el z| s
‘/ ly — - zI"HX (ly = =) Z[b(mﬂ') —b(2)|fxa,(z)dz

k~j

dy.

When y € A;, |y — ;] < ‘f It is true that |z — zj| < C,, when z € A

and k ~ j. By using Holder’s inequality and the boundedness of T%* o
L1, we can obtain
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1
I < Ol iormmarm
I eily—=1~ <
x> io1 4417 (/ Ty = X (ly = 2D fxa(z)dz dy)
kg
2m s’
1 etly—21~
‘Q,%/anAr (/, ==
Y [b(x5) = b(2)] fxa, (2)dz dy>
k~1q
! 1 2n(K0+1)
< Oy, g 2 1A ([, 15t \qdz)
7=1
1 on(Kg+1) 1 2”(K0+1) 1
q q
<l g ( X 140) (X [ 1)
j=1 j=1 j
1
1 1 q q
= Clbls,, g 2917 ( [ 15
1
q
=Wl = (i [ Vo)
< Cllblg,, £ qlo):
Thus,
1 s’ A / ) *
PlEn /Q 1.7 () ~ ¢ (@ldy < Cllg, fglan).  (34)

In conclusion, by (3.3) and (3.4),

1 S/,/\ . * n
s ik e [ B T0W) — cldy < Clbli, fi fe0), 70 < B

Thus by (3.1) and the boundedness of the Hardy-Littlewood maximal func-
tion on Lebesgue spaces,

16, T X1 ()| paee < ClI&, G ollp < Cllb 5, 1511

This completes the proof of Theorem 1.1. ([l

Proof of Theorem 1.2. We just need to estimate

S‘;pé&f; yQ|1+Bo/n/ [0 (N)(w) — cldy,

for any z € R".
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Denote B a ball in R™ with radius » = r(B). For ¢ > 0, ¢B is the ball
with the same center as B, and the radius increased c times. It is easy to
see that we can discuss the ball instead of the cube in the above formula.

%glg)cég(f; ’B|1+f30/n/’ ozo —C’dy
maX{Bax,(?EEB)SléIelc |B|1+50/n/ | ao C| Y,
39:3(%)>1£<£|B|1+60/n/ 100, (F)(y )—Cldy} (3.5)

)

For fixed zg € R"™, let B be a ball centered at xy. Denote q% = % + g
11

= = — 2. Since
9 2

d(na—n+26)  nd[1/2 —-1/(gya)]
2(6 —Sa+pBa)  Sla—d+n/2—n/g)’

then the conjugate exponent ¢, of gy satisfies

0<fo<

250
(5 50—§+q70)>ﬁ05(*—1)

We can find 2 < [ < p such that

TS~ o~ ot 20) > (- 1),

qu qO
So

(2n)/(lgg) + 6o _ o
n/l+ Bo 6/a—PBo
If T is a strongly singular Calderén-Zygmund operator, then from (3) of
Definition 1.1, T is bounded from L? into L%, by interpolating between
(L?,L%) and (L>®, BMO), we can get that T is bounded from L' to L*,
where 1 = %, 0<l/s<a. So

”/3+50< d—fo
n/l+Bo ~ 6/a—PBo

Denote Gb = Hb +wbh

aQ?

where

m
Hgo = Z Tj1MplogTjo,
j=1

m
Wi = ZTJ;:’JaoMbTM-
j=1
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Since ©4,(f) = 0, let b = 7 [5b(y)dy, then O (f) = O (f) =
HESPB(f) + W2, B (f). We consider Wi (f) first.

Wb_bB(f)
Z 310‘0Mb bp)xzp L. +Z 3IaoMb be)x (2B)CTJ}4(f)
= fll + fi2.
So
\B|1+ﬁo/n / [Weo " (F) () = Fra(wo) dy
1

- \BPWL/B”“(”"Z“W/Blfm(y)—fm:co)\dy
=10 + Is.

Denote % = % — 22, then by Lemma 2.4 we can get that I, is bounded

from L' to L!. Let ||, l(1,) be the operator norm. We have
< 1
<3 e [, ooteo Mot Tl W)l
—
o ) 1/t
<1 (1 [ oMby T
j=1

m 1/1
< BT BI Y | Tag [l (/23 lb(y) — bBlllTjA(f)(y)\ldy)

j=1
m 1/1
< O BB gl b, ([ Ty )
j=1
= _1,1 oo
<O Magllaliblls, 1B+
j=1

1
<(artaars [ 11001t

< C Y Maollanlblla,, [Tra(Flagi(xo0).

=1
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Z ‘B’l+f80/n

1 1
— bpl||T; — dzd
//23>c BT )| oy — oo = s |2
<C B 50/"/ b(z) — bp||T; | —;
§j| | (QB)J () = b5l () o
_ B|~Bo/n / T. r
c})r - §j oy M)~ DI

e k+1,.\80
Bo/n (2" r)"r .
<chB\ o0l Z(Mn_%ﬂ / T5a(F)(2)dz
(o9 2k+1)507" [ 1/1
< CZ HbHA@ Z ) apg+1 <|2k+lB’ /k-HB |Tj4 )(Z)| dZ>
1 1/1

1—Po)k . l
<cZHbHAB Z (rrpia [, DatGla:)
< O3 bl a0

j=1

Thus,
|B‘1+,30/n/ (Weo 2 (f)(y) = frz(zo)ldy
< CZ I T5.a()]ag (o) + cy 1811 4.5, [75.4(F)] .1 (o0)-
j=1 i=1
(3.6)

Then we consider HS 2 (f).

Case 1. 0 < r < 1. Let B be the ball centered at xg whose radius is r7,

-8
0= §7a 060<a

H. 07 (f)

m m
= Z T.71M(b_bB)X2§Ia011jv2(f) + Z Ele(b_bB)X(gé)cIaoj—jjv2(f)
j=1 j=1

= fa1 + fo2.
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So
‘B|1+,30/n/‘ Ho " (£)(y) = fa2(wo)ldy
\B|1+50/"/ | for(y )|dy+|B|1+5/n/ | f22(y) — faa(zo)|dy
=11 + I1s.

If T} 1 is a strongly singular Calderén-Zygmund operator, then T is bounded

from L! into L*. Denote [T},

n/s+B8o
n/l+Bo

1
‘B’l_,_ﬁo/n/B‘Tj,lM(b—bB)XQEIaoE,2<f)(y>‘dy

) the operator norm. Noticing that o >

we have

1 1/s
< |Br—ﬁ°/"<|m [ B30 o Tia )

11
< Tyl )| BI~P/ B 1/8( /Qgrbw)—bBVuaoTj,Q(f)(y)r’dy)

- 1 7
) . = Bo—%,.0(F+Po) !
< Ol Tjall s 1ol 4, r0 =7t (|QB‘/ oo T52(£)()] dy)

< ClT5alla.s 10l 4, Hao T.2()]5 4 (o)-
If T;1 = &1, then

1
|B|1T0/” /B |E71M(b*bB)X2§IOOTJ}2(f)(y)|dy
1
= B[ /B 1b(y) = | Lao Tj2 () (y)ldy

1/1
< Ol B0 (o [ a0

< Clblls, oo Tyl (0.
So

IN

’1—&-,30/71/ ‘T’le bp)x BIaoTJQ( )(y)|dy

m
215
m
Z 175111011 3.5, oo T5.2 (o4 (x0) (3.7)
where ||Tj || is a certain operator norm of T ;.
Since 0 < a and 0 < r < 1, 2|y — zo|* < |zg — 2| for y € B and z € (2B)°,
then by (2) of Definition 1.1,
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- 1
11 SZ B‘H—ﬁo/n

/ /23 K (0, 2)[b(z) — bl g T2 ) () |d=dy
ol eol?
_ “%Bo 0 _ 180 .
<03 s / /QB oo — Py Tya( )2y
_ »|Bo
<C bll. g—Potd / M . T; d
< Zn i, Z s e e T2 ()2l
2k+1 U)ﬁo 1
< p—Potd )
oannAﬁ Z T LI
< CZW)H Pomo/e)+o ﬁ“ZQ O/0=00) 10y T2 (f)]§,1 (0)
k=1
= CZ 16114 5, oo T52(f)]o,1 (0)-
j=1
(3.8)
The above estimate is obviously right when T} ; = 1.
Thus by (3.6), (3.7) and (3.8),
sup o — c|dy
B3xo,0<r(B)<1 CGC |B|1+ﬁ°/" / o ol |
< e d
% o mw/n/' Ut o)l
< sup { / Hb bB — foo(xo)|dy
B3, 0<r(B)<1 |B\1+50/" | (o)l
\B|1+50/n/ (Wa, 2 (f flz(fﬂo)ldy}
< Czl 1751101011 4,5, o T5.2( )]0 (x0) + Czl 1114 5, [Zao T2 ()]o,1 (o)
j= j=

+O Y Mool 1Bl 4, [Tja() g 1(@0) +C Dbl 4, [Tia(F)]eg i(wo)-

j=1 j=1
(3.9)
Case 2. r > 1.
HE 2 (f)
m m
= Z EylM(b—bB)X2BIa07}72(f) + Z Tj,lM(b—bB)X(zB)cIO‘OTJ'72(f)
j=1 j=1

= f31+ f32.
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So
HYbn(f d
‘B|1+130/n ‘ fgg(l’o)’ Yy
‘B’1+go/n/ | fa1(y )|dy+’B‘1+50/n/ | f32(y) — fa(zo)|dy
=113+ 11y

Let us estimate I75. Tj; is bounded on L!. Denote ||T}1 ll(1,1) the operator
norm.

" 1
< Z’BPWL/B’T'JM@bB)XQBIaoTjQ(f)(y)’dy
=1
]m 1 1/1
< Z!BI“*’/"QM/ T',lM(b—bB)XQBIaoTj,Q(f)(y)‘ld?/>
1/1
<3 Tl BI 50/”(,B| [ 106) = bal' oy Tia )
Jj= 1 )
1/1
<O ITalan bl 1B (o [ T
j 1

< CZ 1751l @ 10114 5, oo T2 (o (o)
j=1

(3.10)
Noticing that r > 1 and 0 < a < 1, by (2) of Definition 1.1,
— 1
11, < 21 | B|1+Bo/n
j:

<C ‘b”/\ﬁo x()] fop T ded
> B’l—‘rﬁo/n (2B)¢ ’«TO—Z’”'HS/O“:CO_Z‘ ‘ao j,2(f)<2)| zZdy

< cz o3, *Bﬁéz / B e NS B

2k+1B\2k B |xo — z|"+5/0‘

B 2 k+1 )50 1
chanAB ﬁo+az S e B]IaoTj,g(f)(z)\dz

<CZHbHA ro ‘WZ? K0T Lo, T2 (/)] 1 (0)
k=1

<CZHbHA TaoTi2(F)s1 (x0).

(3.11)
The above estimate is obviously right when 7} ;1 = £1.
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Thus by (3.6), (3.10) and (3.11),

3 f —cld
BBI:}:‘%)B)>1(1:I€1C ‘B|1+/80/n/ ‘ 040 C‘ Yy
< 190~ i) + fateo)dy
Sx0 7‘ >
1
SB SUPB) 1{’B|1+'B°/n/ [H P2 (F)(y) — fz(wo)|dy
Sx0 7‘ >

+|B‘1~1H?o/n/ Wa B (f)(y )—f12($0)|dy}

< CZ 151l 18114 5, Lo T2 ()] 0 (20)

7j=1
+C Y Il 4, Moo T2(H5 1 (o)
j=1

+CD I [Ta(F)]ga(0)
=1

+O 10114, (754 (F)]o,1 (o). (3.12)
=1

In conclusion, from (3.5), (3.9) and (3.12), we can get that

ggfoégé ’B|1+50/n/’ ao y) — c|dy

< CZ 1751101011 4,5, o T3.2(F)]o,0(x0) + cy 1114 5, Lo T2 (f)]o,1 (o)
j=1

j=1
+C D Mool a0l 4, [Tia(Naga(xo) + C Y Ibll4, [Tra(h)], (o),

j=1 j=1

where ||T}1|| is a certain operator norm of 7} ;.
By using Lemma 2.1, Lemma 2.4 and Lemma 2.5, we obtain

185 ()l 0~

< ol | (S 1T ) (3 Tl ) + 3 Tl | 01, 17
=1 j=1 j=1

where ||Io,|| is a certain operator norm of la,, [|T)2|l(pp) and [|T)4ll(pp) are
the operator norms on LP. This completes the proof of the theorem. O
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