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ABSTRACT: Here is studied with rates the fuzzy uniform and L,, p > 1,
convergence of a sequence of fuzzy positive linear operators to the fuzzy
unit operator acting on spaces of fuzzy differentiable functions. This is
done quantitatively via fuzzy Korovkin type inequalities involving the fuzzy
modulus of continuity of a fuzzy derivative of the engaged function. From
there we deduce general fuzzy Korovkin type theorems with high rate of
convergence. The surprising fact is that basic real positive linear operator
simple assumptions enforce here the fuzzy convergences. At the end we give
applications. Our results are univariate and multivariate. The assumptions
are minimal and natural fulfilled by almost all example — fuzzy positive linear
operators.
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1. INTRODUCTION

Motivation for this work are Anastassiou [2], Anastassiou [4], Anastassiou
[5], Anastassiou and Gal [7], Korovkin [14], Shisha and Mond [15]. In fact
this is continuation of Anastassiou [4], Anastassiou [5]. Here first we trans-
late the necessary measure theory approximation results from Anastassiou
[2] into the language of real positive linear operators, then by combining the
facts, e.g. use of Proposition 1, we transfer results to the fuzzy level.
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Applications are on univariate and multivariate Bernstein operators. At
the beginning we provide all necessary fuzzy terminology, definitions and
theorems we use here. In that background section we prove some results
that they stand by themselves, such as in positivity. The basic ingredient
to establish our results it the bridge between real operators to fuzzy ones.
It is the natural realization condition: Assumption 1, see (17). This is
fulfilled by almost all example positive operators, in fact by all summation
and integration operators: real and fuzzy. The concept of fuzzy positivity we
use is the natural analog of the real positivity. The same thing with linearity.
We hope we contribute to the development of Fuzzy Approximation Theory
and Fuzzy Functional Analysis.

2. BACKGROUND
We start with

Definition 1. (see Wu and Gong [17]) Let p: R — [0, 1] with the following
properties:
(i) is normal, i.e., Izg € R; p(zg) = 1.
(ii) p(Az+(1=XN)y) > min{u(x), u(y)}, Yo,y € R, VA € [0,1] (p is called
a convex fuzzy subset).
(iii) p is upper semicontinuous on R, i.e., Vry € R and Ve > 0, 3 neigh-
borhood V' (x): p(z) < p(zo) + €, Vo € V(o).
(iv) The set supp(p) is compact in R (where supp(u) := {z € R; pu(x) >
0}).
We call i a fuzzy real number. Denote the set of all y with Rg.
E.g., X201 € RF, for any zp € R, where X[, is the characteristic function

at xg.
For 0 <r <1 and u € Rr define [u]" := {x € R: pu(x) > r} and

(1]° == {z € R: pu(x) > 0}.

Then it is well known Goetschel et al [10] that for each r € [0,1], [u]" is
a closed and bounded interval of R. For w,v € Rr and A € R, we define
uniquely the sum u @ v and the product A ® u by

o] =" + ], Pou" =AW, Vrel01]

where [u]” + [v]” means the usual addition of two intervals (as subsets of R)
and Afu]” means the usual product between a scalar and a subset of R (see,
e.g., Kaleva [11]). Notice 1 ®u = w and it holds u®v = v@u, A\Ou =u® .

If 0 <r; <ry <1 then [u]? C [u]". Actually [u]" = [u(_r),ugf)], where
W < uS:), u(f), u(l) € R, Vr € [0,1]. Based on Goetschel et al [10] we can

then identify any u € Rx with the parametrized representation {(u(_r), uS:)) |
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0 <r <1}. We denote u 3 v iff u(_r) < ’u@ and ugf) < ’U_(:), all r € [0,1].
Define

D:RrxRr — R+
by

D(u,v) := sup max{|u(_r) - UY)L \US:) _ 115:)|},
re[0,1]

where [v]" = [v(_r),vgf)]; u,v € Rr. We have that D is a metric on Rr. Then

(Rx, D) is a complete metric space, see Wu and Ma [16], with the properties

Du®w,vdw) = D(u,v), Yu,v,w€Ryg,
Dkou,kov) = |klD(u,v), Vu,v€Rg, Vk €R,
Dudv,wde) < D(u,w)+ D(v,e), Yu,v,w,ec Ry.

Let f,g: U — Rg, U C (M,d) metric space, be fuzzy real number valued
functions. The distance between f, g is defined by

D*(f,g) := gsclelgD(f(x),g(w))-

Denote [f] = [f), £{7] for [f(2))" = [fV(2), £{(@)], ¥z € U, 7 € [0,1].
We need

Lemma 1. (Anastassiou and Gal [6]) For any a,b € R: ab > 0 and any
u € Rr we have
D(a®u,b®u) <l|a—>b|-D(u,o),

where 6 € R is defined by 6 := Xgy.

Lemma 2. (Anastassiou and Gal [6])

(i) If we denote 6 := Xy, then 6 € Ry is the neutral element with
respect to @, i.e., uPo=0Du=u, Vu € Rr.

(ii) With respect to 6, none of u € Rx, u # o has opposite in Rr.

(iii) Let a,b € R:a-b > 0, and any v € Rr, we have (a +b) ©® u =
a®udbOu. For general a,b € R, the above property is false.

(iv) For any X € R and any u,v € Rr, we have A\® (udv) = A\OuPAGv.

(v) For any \,p € R and u € R, we have A\® (p @ u) = (A p) © u.

(vi) If we denote ||u||F := D(u,0), Yu € Rr, then |- || has the properties
of a usual norm on Rr, i.e.,

lullz = 0ffu=0[AOullr=IA-]ulr
lu@vllr < lullz+llvllz, lulr—lvlr < D(u,v).

Notice that (Rz,®,®) is not a linear space over R, and consequently
(Rz, || - ||7) is not a normed space. Here Y." denotes the fuzzy summation.
We use the following
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Definition 2. Let U C (M,d) a metric space and let f: U — Rr. We
define the (first) fuzzy modulus of continuity of f by

W (£56) = sup - D(f(x), £(3))
a6

for 0 < 0 < diameter(U). If 6 > diam(U) then we define
wg}-)(f; ) == wg]:)(f; diam(U)).

Proposition 1. (see Anastassiou [5]) Let U C (M, d) metric space and
f: U —= Rx. Assume that

SO (1,8), wi(f,8), wi(f,6)

are finite for any § > 0. Here wy is the usual real modulus of continuity, i.e.
for g: U — R we define

wi(g;0) := sup |g(x) —g(y)l,

z,yelU
d(z,y)<é
etc. Then:
wg]:)(f; J) = St[lp]max{wl(fir), 5),w1(f_(~_r),5)}.
rel0,1
We need

Definition 3. Let U open or compact C (M, d) metric space and f: U —
Rr. We say that f is fuzzy continuous at xg € U iff whenever x,, — z¢, then
D(f(xn), f(zo)) — 0. If f is continuous for every zg € U, we then call f a
fuzzy continuous real number valued function. We denote the related space
by Cr(U). Similarly one defines Cx([a,b]), [a,b] C R, etc.

Definition 4. Let f: K — Rz, K open or compact C (M, d) metric space.
We call f a fuzzy uniformly continuous real number valued function, iff Ve >
0, 30 > 0: whenever d(z,y) < 4, z,y € K, implies that D(f(z), f(y)) < e.
We denote the related space by C¥(K).

Definition 5. Let f: U — Ry, U C (M, d) metric space. If D(f(x),0) <
M, Yz e U, M >0, we call f a fuzzy bounded real number valued function.

In particular if f € Cx([a,b]), [a,b] C R, then f is a fuzzy bounded
function, also wg]:)(f;d) < oo for any 0 < 0 < b — a, etc. Also notice that

CY(K) = Cr(K), for K compact C (V]| - ||) real normed vector space.
We use

Proposition 2. (see Anastassiou [5]) Let K C (V,||-||) a real normed vector
space and
WP (f:0) = sup  D(f(x).f(4). 5>0,

zyeK
lz—ylI<é
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the fuzzy modulus of continuity for f: K — Rx. Then:

(1) If f € CY(K), K open convex or compact conver C (V|| -||), then
W (f16) < 00, V5 > 0.

(2) Assume that K is open convex or compact convex C (V|- |), then
wg]:)(f;é) is continuous on Ry in & for f € CY(K).

(3) Assume that K is convex, then

w7 (Ft+ 1) <0 (f0) + 07 (F,8), 1t >0,

that is the subadditivity property is true. Also it holds

w7 (f:8) < nwt™(£,9),
and
A7 (£08) < INwi” (£,0) < O+ D™ (£,9),
where n € N, A >0, 6 > 0, [-] is the ceiling of the number.
(4) Clearly in general wgf)(f; d) > 0 and is increasing in 6 > 0 and
wg]:)(f;O) =0.
(5) Let K be open or compact C (V,||-|). Then w§f)(f; §)—=0asd O
iff f € CY(K).
(6) It holds
7 @ g:0) < Wi (f:0) + w7 (g:),
foro >0, any f,g: K — Rz, K C (V| -|) is arbitrary.
We also need

Lemma 3. (see Anastassiou [5]) Let K be a compact subset of the real
normed vector space (V,||-||) and f € Cr(K). Then f is a fuzzy bounded
function.

We use
Proposition 3. (see Anastassiou [5]) Let U open of compact C (M, d) metric
space, f € Cr(U). Then fj(;) are equicontinuous with respect to r € [0,1]
over U, respectively in =+.

For the reverse we have

Proposition 4. (see Anastassiou [5]) Let f@, fJ(:) be equicontinuous with
respect to r € [0,1] on U-open or compact C (M, d)-metric space, respectively
in £, then f € Cr(U).

We mention
Definition 6. (see Wu and Gong [17]) Let x,y € Rx. If there exists a

z € Rr, such that x = y + z, then, we call z the H-difference of z and y,
denoted by z :=x — y.
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Definition 7. (see Wu and Gong [17]) Let T := [zo,z0 + ] C R, with
B > 0. A function f: T — Rz is differentiable at x € T, if there exists a
1 (x) € Rr, such that the limits

i fE TN = F@) o f@) = S h)
h—0+ h h—0+ h

exist and are equal to f’(z). We call f’ the derivative of f at x. If f is

differentiable at any x € T', we call f differentiable and it has derivative over

T, the function f’.

Similarly we define higher order fuzzy derivatives. Regarding functions of
several variables one can define the same way partial derivatives in the fuzzy
sense.

Let @ be a compact convex subset of R, &k > 1 and n € N. By CHQ)
we mean all the functions from ) into Rz that are n-times continuously
differentiable in the fuzzy sense.

We use

Theorem 1. (see Kaleva [11]) Let f: [a,b] C R — R be fuzzy differentiable.
Let t € [a,b], 0 <7 < 1. Clearly

i

@ = [, D] Cr. (1)
Then (f(t))(ir) are differentiable and
L OF = [(FenT Y. (renty). 2)
(Y = (£, for any r € [0,1]. (3)
We make

Remark 1. 1) Let f € C%([a,b]). Then by Theorem 1 and Proposition 3
we obtain fir) € C"([a,b]) and

FO@ = [(FEND, (FenTH ], (4)
for:=0,1,2,... ,n, and, in particular, we have that
(FNY = (50, (5)
for any r € [0, 1].
2) Let f € C'%(Q), denote f, := g%, where o = (aq,...,ax), a; € ZT,

k
i=1,...,kand 0 < |o| :== >  a; < m, n > 1. Then we get by Theorem 1
i=1

(F)o = (f) 0, (6)
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for any r € [0,1] and any a: |a| < n. Here fj(:) e C™(Q).
We also make

Remark 2. (see Anastassiou [3], Remark 3) Let r € [0, 1], fr), yz(r) € R,
i=1,...,m € N. Assume

sup max(z;"”,y; ., m.
rel0,1]
Then
sup max Zm Zyr) <Z sup max(z; ),yz( N. (7)
rel0,1] 3 r€lo,1]
We use

Lemma 4. Let r € [0,1], o € I, I a finite index set, and a:g),yg) e R.
Assume
A := max sup max{a: ,ya }E]R

o€l 1g(0,1)
and
B := sup max {max (", max yg")} eR. (8)
ref0,1] acl acl
It holds
A=B. ©)

Proof. 1) First we prove B < A. We see that
2y < A, Wrel0,1] and Vo € I.

Then
Ap:=maxz() <A, Ay:=maxy) <A
ael acl
and
max(Al, AQ) < A.
Thus

sup max(A4p, Az) < A.
rel0,1]

2) We last prove A < B. We notice

2" <maxz), Vrel0,1], Vael

acl
and
Y < maxy,(l), Vre[0,1], Vael.
ael
Then

max{z{"), y{"} < max {ma;c xg),ma;{y((;)} , Vrel0,1], Va e I.
ae ae
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Furthermore

«

sup max{z{"”, 5} < sup max {max x(r),rggc y(gT)} =B, Vael,

ref0,1] ref0,1] ael
and finally
max sup max{z),y} < B. O
acl rel0,1]

We mention
Definition 8. Let L: Cr(U) — Cx(U), where U is open or compact C
(M, d) metric space, such that
L(eif 4+ ca9) = a1 L(f) + c2L(g), Ve, c2 € R (10)
We call L a fuzzy linear operator.
We give the following example of a fuzzy linear operator, etc.

Definition 9. Let f: [0,1] — Rz be a fuzzy real function. The fuzzy
algebraic polynomial defined by

N
(F) “ (NN key _ Nk k
B0 =3 (})eta-arror(5). wepa ven
(11)
will be called the fuzzy Bernstein operator.
We do have
Theorem 2. (see p. 642, Gal [9]) If f € Cx([0,1]), then
F 3 (r 1
DEP (N, @) < 5l (Fi2), NeN webl, (2
1.€.,
; * (p(F) _

that is B](V]:)f —notoo [, fuzzy uniform convergence.

We also need
Definition 10. Let f,g: U — Ry, U C (M, d) metric space. We denote
I %9 i f(2) % g(a), Yo € U, £ () 2 ¢{(2) and f7 (@) = g7 (@),
Vo e U, vre[0,1], iff £ > g and £ > g™ wr e [0,1].

We give

Definition 11. Let L: Cx(U) < Cx(U) be a fuzzy linear operator, U open

or compact C (M, d) metric space. We say that L is positive, iff whenever
fyg € Cr(U) are such that f - g then L(f) = L(g), iff

(LY > (L(g)V (14)
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and
(LN > (L)Y, vreo] (15)
Here we denote
L) = (LN (L)), vre o). (16)

An example of a fuzzy positive linear operator is the fuzzy Bernstein operator
on the domain [0, 1], etc.

We will use this type of supposition.

Assumption 1. Let L be a fuzzy positive linear operator from Cr(K), K
compact C (M, d) metric space, into itself. Here we assume that there exists

a positive linear operator L from C/(K) into itself with the property

LHY =L, (17)

respectively, for all r € [0,1], Vf € Cr(K).

As an example again we mention the fuzzy Bernstein operator and the
real Bernstein operator fulfilling the above assumption on [0, 1], etc.

We will use

Theorem A. Let (X,0) be a linearly ordered vector space, (O denotes the
order) and G a magjorant subspace of X (i.e. for any x in X there exist z
and y in G such that zO x Oy). If f: G — R is a positive linear map, then
there exists (a not necessarily unique) F': X — R positive linear map, such
that F(z) = f(x), Vz € G.

Above Theorem A is a special case of the famous Kantorovich Extension
Theorem, due to Kantorovich [12]. For a proof see Aliprantis and Burkin-

shaw [1], Theorem 2.8, p. 26. See also Cristescu [8], p. 72, Proposition
1.
We need

Lemma 5. Let L: C™(Q) — C(Q) be a positive linear operator, n € N, Q

compact C R¥, k > 1. Then there exists a unique finite Borel measure jiy,
x € Q, such that

E()(x) = /Q F(Odpa(t), Vf € CM(Q).

Notice (L(1))(z) = 12(Q) < 0.

Proof. Clearly (L(-))(z) is a positive linear functional on C™(Q). Also
since 1 € C™(Q), C™(Q) is a majorant subspace of C'(Q). Thus, by Theorem

A there exists a positive linear functional M: C(Q) — R extending L, i.c.
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L=M ‘ on Q) Consequently, by Riesz Representation Theorem there exists

a unique finite Borel measure pu, for this M, such that
M) = [ o), v 0@

Therefore

HM@ZLﬂMW@ v e Q).

We prove uniqueness i, regarding L(-)(x). Let us assume that there exists
another finite Borel measure v such that

/ﬂWw@Z/ﬂWMm v e Q).
Q Q

In particular, we have

dp(t) = dv(t),
émwum Amw<w

for all polynomials p. Since by the Stone—Weierstrass Approximation Theo-
rem the polynomials are uniformly dense in C(Q), it follows for any f € C(Q)
that there exists a sequence {py, }nen of polynomials that converges uniformly
to f on Q. In particular {p,} is uniformly bounded. Now from

Amwmw:/m@ww

Q

and the Lebesgue Dominated Convergence Theorem, by taking the limits in
the last equation, we find

/ﬂWw@z/ﬂWW)
Q Q

Hence, by the uniqueness of the measure in the Riesz Representation Theo-
rem, we get indeed that p, = v. g

We give
Remark 3. We recall from Anastassiou [2], p. 210-211 the function

x € R, n € N, where [-] is the ceiling of the number.

We have
o(z) = /Ola: /0901‘,. </0‘””—1 an-‘ dxn> cooda, (19)
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and
1 o
dnx) = — | D (lzl i)} |, z€R. (20)
"\ =

Also it holds

’x‘n+1 \x!" h’x‘nfl
(2) < , 21
Palw) < <(n—|—1)!h o TR =) (21)
and
onla) = [ Gua(@dt, weRi, meN. (22)
0
And from Anastassiou [2], p. 217 we have
|z [" |z]

W (2) < 1 , R, N. 23
Pnlz) < =5 Tt DR) TER ne (23)

3. UNIVARIATE RESULTS
We need to mention

Theorem 3. (by Corollary 7.2.2, p. 219-220 in Anastassiou [2] and Geomet-
ric Moment Theory, Kemperman [13]) Consider the positive linear operator

L: C([a,b]) — C([a,b]). (24)
Let
cp(z) = f/((t — x)k,x), k=0,1,...,n, n€N;
do(z) = [L(t—a|",2)]"™ (25)
c(x) = max(z—a,b—2x) (c(z)>(b—a)/2).

o) (g
Lig.2) —9(@)] < lo@)leo(@) — 1]+ 3oy )
k=1

dn ()
c(x)

Inequality (26) is sharp. It is attained in a certain sense by woy ((t—x)4)

—i—waﬁn(c(ﬂc))( )n Vo € la,b.  (26)

and a measure fi, supported by {x,b} when x —a < b — x, also attained by
won((z —t)4) and a measure fi, supported by {x,a} when x —a > b — x:
dn(:t))n and (dn(ac)

in each case with masses cyo(x) — ( (@) () )n, respectively.
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Note 1. Assuming wi(¢(™,h) > 0 for h > 0 and all as in the context of
Theorem 3. We prefer to write

n o) (o
Lig.s)— 9@ < o) leo(a) — 11+ 3 Loy
k=1

k

dp(x)
c(x)

+¢n(c(w))( )nwl(g(”),h), Vz € [a,b]. (27)

We need also

Theorem 4. (By Theorem 7.3.5, p. 231-232 in Anastassiou [2] and Lemma
5) Consider the positive linear operator

L: C"([a,b]) = C([a,b]), neN.

Assume that

L(1,z) >0,
and
E(|t - x]”“,x) >0, xz€]la,b], (28)

Consider also p > 0. Consider g € C"([a,b]), n > 1, with wi(g"™,8) > 0 for
any 6 > 0. Then

9™ ()]

o |ﬂ((t — x)k,x)‘

|L(g, ) = g(2)| < |g(@)| |L(L,2) = 1]+
k=1

) P oY@t
e

8 2 (n+1) pn!
T(l+_ p|n+1 ﬁ
X Wi g(n),P<L(’t~ &l ,x)) o , « € [a,b], n e N. (29)
L(1,x)

We will use also
Theorem 5. (by Theorem 7.2.2, p. 216-217, in Anastassiou [2] and Lemma
5) Consider the positive linear operator
L: C"([a,b]) = C([a,b]), neN.

Assume that

L(1,z) >0, (30)
and 3
L(t — 2" 2) >0, € a,b]
)

Consider g € C"([a,b]), n > 1, with wi(¢™,8) > 0 for any 6 > 0. Then

i ) o) ()] -
Lg.2) 9@ < lo@1L02) 11+ Y TN E
k=1



Fuzzy Korovkin Theory 481

L(lt — gntl )\t N
+ (L(‘t | n!v )) ((L(l)(l,))(n“)
+(n%l—l))wl(g(n),(fzﬂt—x]nﬂ’x))nil)’
x € la,b], n € N. -

Remark 4. 1) If ||L(1)||oc = 0, then L = 0 the trivial operator, therefore
without loss of generality we may assume L # 0, and as a result we have
Il > 0. N

2) By using Holder’s inequality and Riesz Representation Theorem, for L
as in (24), we easily derive that

E(t - 2)F,2)| < (E(1,2)" 77 (Lt - 2", 2)) 7, (32)

under the assumption L(1,z) > 0, 0 < k < n. And it holds

1Lt = 2)*, 2)loo < IEQIS™ 1E(Jt — 2] 2)| %, 0<k<n, L#0. (33)

Similarly, by Lemma 5, for L: C"([a, b]) — C([a, b]) positive linear operator,
it holds

__k ~ k
L((t —2)F,2)| < (L(1,2))" @0 (L(jt — 2"+, @) 75D,
O0<k<n+1. (34)
And also it holds

1— _k
IL((t = 2)",2)lloo < I1L(1)]|o +1)IIL(I — " )&,
0<k<n+1. (35)

3) If L(1,2) = 0, = € [a,b], then easily we get that L(g,z) = 0, Vg €
C"([a,b]). So that inequalities (26), (27) and (31) hold trivially.

4)If d,(x) =0, z € [a,b], then we get that cx(x) =0,k =0,1,... ,n, since
the associated measure p, is concentrated at {z} only, etc., and inequalities
(26) and (27) hold again, in fact as equalities.

5) Similarly, if L(|t — z|"*',z) = 0, x € [a,b], then we get again L((t —
)k, 2) =0,k =1,... n, since the associated measure i, is concentrated at
{z} only, etc., and inequalities (29) and (31) hold again, in fact as equalities.

6) If wi (g™, h) = 0 for some h > 0 then g(™ is the constant function,
furthermore inequalities (26), (27), (29) and (31) are again valid.

We give our first main fuzzy result.
Theorem 6. Consider the fuzzy positive linear operator
L: C%([a,b]) = Cr([a,b]), neN, (36)
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with the property
(LHY = L), (37)

respectively, for all r € [0,1], Vf € C%([a,b]). Here L is a positive linear
operator such that

L: C([a,b]) = C([a, b]). (38)
Let
ck(z) == L({t—2)% ), k=0,1,...,n
do(z) = (L(t—af",2)"" (39)
o(z) = max(z—a,b—x).

Let f € C%(la,b]) such that w(f)(f( ") h) >0 for any h > 0. Then
1)

D((LF) (@), () < leole) — 1D +Z e (),5)
+¢n(c(x))(cﬁl((g> W (F™ R), x€lab], (40)
and
2)
D*(Lf, ) < |E1 — D" (£, Z”L (=% 2le pe ) )
+ [lénlc@)lo | 2 C(le AP0 )

Proof. We have the following

D((Lf)(), f(z)) = sup max{|[(LH)" (@)= @), (LN (@)~ ()]}

rel0,1]

— sup max{|(L(f"))(@) — @) (LS @) - 17 @)}

rel0,1]

(by Remark 1 (1) and (27))

< sup maX{!f(( ) leo(= 1|+Z' ()W )

ref0,1]

+ ¢n(0($))< >nw1((f<” )f Jh), |ff ()] |eo(x) — 1]
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n ONQrem 2)\ " ,
+ S e e o))+ 6 et (22 wl((f“‘))i),h)}
k=1

© . ) ()
< eo(x) =1 Slﬁ)pumaX{\f_ (@) 1/ ()]}
re|0,

+ 3 IOy () @)L 1) @)1}

=1 k! rel0,1]

+ ¢n<c<x>><dn($)>n sup max{wi ((f™)", h), w1 ((F™), )}

C(CC) rel0,1]

(by Proposition 1)

lco(z) = 1|D(f(x),0)

Y |Ck('$)|D(f(k)(x>75) + Gnlc(z)) (d”(@)nw%f)(f‘”),h)-
k=1

k!

That proves (40). O

We proceed with our next main result.
Theorem 7. Consider the fuzzy positive linear operator
L: C%([a,b]) = Cx(]a,b]), meN,
with the property
(L) = L),
respectively, for all r € [0,1], Vf € C%([a,b]). Here L is a positive linear
operator from C"([a,b]) into C([a,b]). Additionally assume that L(1,x) > 0,

x € [a,b] and consider p > 0. Let f € C't([a,b]) such that wg}—)(f(”), h) >0
for any h > 0. Then:
1)

D((Lf)(z), f(2)) < |L(L,2) = 1|D(f (=), )

" L — T k X n
+ |L((tk‘)’)|D(f(k)(x),6) - { +
k=1 ’

(j(L x)) D
X A —
pn!

s -
xwif)<f(”),p(l’(|t~x| ,:c)) +1>>’ neN, z¢elab. (42)

(L(Jt — x|"*, 2)) T+D

L(1,z)

2) And by assuming L(1,z) > 0, Yz € [a,b], it holds
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* f~d * - ~ f/ t-]}k,l‘ ) % B
DU(LE ) < 101~ 1D (1,0) + Y IR Dee e g0 )
k=1 :
2 7 Wlu)
np P 1 |IL(1, z)|co ~ il 5
—+5 Lt - G
+ 15 +2+(n+1)] L (e~ )]

T _ ntl
wa:) (f(n),p’L(‘t .Z" 7‘T)

L(1,z)

(“) . (43)

o0

Proof. Here we are using (29), see also Remark 4(5). The proof is similar
to the proof of Theorem 6 and is omitted. O

We present

Theorem 8. Consider the fuzzy positive linear operator

L: C%([a,b]) = Cx([a,b]), n €N, (44)
with the property
(LhHY = L), (45)

respectively, for all v € [0,1], Vf € C%([a,b]). Here L is a positive linear
operator such that

L: C"([a, b)) — C([a,b]). (46)
Let f € C'%([a,b]) such that wi}—)(f("), h) > 0 for any h > 0. Then:
1)
D((Lf)(x), f(z)) < |L(1, ) = 1|D(f(z),0)

(= 2)"))@)]

k! (19, (@).0)

_'_

k=1
(L(| -~ () =D

n!

xwP) (£, (L] -~ @) TD), v fabl. (47)

+

((i(1,x))@+ : )

(n+1)

And also it holds
2)

" (L((- = 2)F) (z

k!
k=1

(] - —2[™t)) ()| T

n!

1

+ (n+1)

(L(1) 7D +

HOO
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% WP (O |[(E( - —2™ ) @)1 ET). (48)

Proof. Here we use (31) and see also Remark 4 (3) and (5). We do have

D((Lf)(x), f()) = sup max{|(LF)T (@)~ f @), |(LHY (@)~ £ ()]}

rel0,1]

= sup max{|L(f")(@) - f7 @), L) (@) - 17 (@)}

ref0,1]

~ n N
< sup max{rf“)(xn 202 11+ N )
k=1

rel0,1]
L(| - —z|" 1)) (2)) D /- 1
(@ \n!»( ) )<(L<1”“’>><"“’+<ni1>>
% wi((F) O (E(] - =) @)™ ), |10 @) 1L, 2) - 1
)<r B
+Z‘ PO 3~ o)
L(| - —x|"+1)) () @D (- 1
(@ |;>>< ) )<<L<1v$>><"*”+<nil>>

< (00 —wl”“»(a:))“i”)}

< |L(1,2) = 1] sup max{|f" (@), |f” ()]}
rel0,1]

n I((- — 2V (z r r
S =IO sy a0 @) )2 01}

k=1 ° re [071}

((L( - =2 ) @)TD [z a1

< sup maxfun (1), (2 - =2l H)(a) ),

x wi ((F) (]~ ) (@) =)}

~ n T — k T
= 1L 2) ~ 1D(f(@),0) + 3 D@ g4 5
k=1
T —zP ) (¢ AT - 1
+ (L(’ ‘ m )( ))( : <(L(1 x))(m—l) + (nil))

x WP (F0 ((L(] - =" 1)) ()™ T). O
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Note 2. If wgf)(f("), h) = 0 for some h > 0, then by Proposition 1 we get

wr (N R), @ (FN, ) = 0, vr € [0,1], de. (F7)) = (F) are
constant real valued functions, Vr € [0,1]. Consequently (see Remark 4(6)
and repeat the proofs) inequalities (40), (41), (42), (43), (47) and (48) are
again valid.

We give the following fuzzy Korovkin type theorem (Korovkin [14]).
Theorem 9. Consider the sequence of fuzzy positive linear operators
Ly: C%([a,b]) = Cx([a,b]), neN, VN €N, (49)
with the property
(Lx )L = I (), (50)

respectively, for all v € [0,1], Vf € C%([a,b]), YN € N. Here {Ly}nen is a
sequence of positive linear operators such that

Ly: C™([a,b]) — C([a,b]).

Assume that ||Ly(1)]lee < v, VN € N, for some v > 0. Furthermore as-

sume that Lyl = 1 and ||(Ly(| - —2"™))(2)|lec — 0, as N — oo. Then
D*(Lnf,f) = 0as N — oo, Vf € C%([a,b]). Le. Ly = I, as N — oo,
fuzzy and uniformly, where I is the fuzzy unit operator.

Proof. From (48) we get

" Ln((- = 2)F) (z

k=1

IEn(] -~ ) @) | T

n!

+

1
x w7 (F (La(| - =2 ) @)IET), YN eN. (51)
Also by (35) we have

k

-~ - 1— - _k
LN ((t = 2)%, @)oo < LN (Do " I Ln(ft — 2", 2) &, (52)

any 0 <k<n+1, VN eN.
Now by using (52), (51) and the assumptions of the theorem we conclude
that D*(Lny f, f) = 0, as N — oo. O

Note 3. Inequality (51), proof of Theorem 9, gives the convergence of
Ly — I, quantitatively, and at higher rate, reflecting the higher order fuzzy
differentiability of f.
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4. MULTIDIMENSIONAL RESULTS
We need
Theorem 10. (By Theorem 7.4.1, p. 236 of Anastassiou [2] and Riesz

Representation Theorem) Take Q := {x € R*: |z|, <1}, k > 1, z €
Q. Let L: C(Q) — C(Q) positive linear operator with L(1,z) = 1 and

feCc™Q), n € N. Here f, = 875’ where a = (aq,...,qx), a; € ZT,
i =1,...,k, and 0 < |a| := Eai < n. Assume for h > 0 we have
w := max wi(fa,h) > 0, where wy is the usual modulus of continuity with

laj=n

respect to || - ||¢, relative to Q. Then

[ xTr) — x 3 M~ kz.ix,ai €T
(o) - f@)] < ;;(3%(aﬂ“%%!L<(;yz ) ),)D>
+ (Ll -l oy 2 1) (53)

Proof. We add the following, in order to transfer here Theorem 7.4.1, p.
236 of Anastassiou [2]. Let g,(t) := f(z +t(z —x)), z,z € Q, all 0 < ¢t < 1.
For 5 =1,... ,n we have

with

k J
ggj)(O) = [(Z(zl — xz)a(i) f] (x), Vrz,ze€Q.

More precisely, we get

) fo(@). 0 (54)

We will use

Theorem 11. (By Theorem 7.4.2, p. 237 of Anastassiou [2]) Let p be a
measure of mass m >0 on Q CR*, k> 1 compact and convex. Assume

o (& L elran) ™ =0 e
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where x¢ is a fived point of Q. Also, let f € C™(Q): max|q|—, wi(fa,h) < w,
where w > 0. Then

'/Qfdu—f(wo) < Jm—1]|f(xo)| +

~1 [0 .
> | 9 Oniar)

S[3 4+ (n+1)n!
+ mwh [2( n!) +(8(n—)1)!]’ (56)

where gx(t) == f(zo + t(x — xg)), t > 0. Above inequality (56) is trivially
true if h =0, or if w =0 with h > 0.

Translating last Theorem 11 into the terminology of positive linear oper-
ators and by expanding we have

Theorem 12. Let Q C R*, k > 1 compact and conver. Let L be a pos-
itive linear operator from C(Q) into C(Q). Assume L(1,z) > 0, Vz € Q.
Consider f € C"(Q), n € N. Then:

. fa@)| (7 (T . }
+ L (zi —2)* ) | (2)
SAZ [ (3T - ) )o
=1
+ (EO@) T (L) =2l @) |2 ]
1 ((E(z = allp) (@) o
< e (fw Il e ) ) Yre o0
We have
Corollary 1. (to Theorem 12) All as in Theorem 12 with L(1,z) = 1,
Ve € Q. Then:
F e ) < S @ (7 (T — oy ) )i
27 (@) - 1 )IS;{Z[ (T - 0) )¢ >]}

=3 " T a! i=1
i=1

+ (L(lz = 2l (@) = [23n' M CE IO 1)]

s ( fow s (e = 2l @) =),
Vo € Q, Vf € C™(Q). (58)

We further give
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Theorem 13. Let Q be a compact and convexr subset of RF, k > 1, and
let g := (xo1,... ,xor) € Q be fixred and let p be a measure on Q of mass
m > 0. Consider f € C"(Q), n € N, and suppose that each nth order partial

derivative fqo = %, where a = (aq,...,qp), a; € ZT, i =1,... ,k and
n
la| := >~ ai = n, has relative to Q and the || - ||¢,, @ modulus of continuity

w1(fa,h) < w. Here we take

= ( / 2 — o3 du2 >) o (59)

Then:
‘/fduf(:vo) < = lsten) + Ju(d)
Q -7
L+ wh™ mﬁ n 1
n! (n+1)/)’
where go(t) == f(xo +t(x —x0)), t >0, z € Q.
Proof. Here we have
n (5)
gz’ (0
fz1,.eny28) = g:(1) = Z j!( ) + Rn(2,0),
=0
where
1 t1 tn—1
R0y = ([ ([ 6 - a0t ) - Jan,
0 0 0
z€Q.

In Anastassiou [2], p. 236 we got that (see 7.4.4 there)
[Bn(2,0)| < won(l|z = zolle,), Vz € Q.
But by (23) we have

winz = ) < wl— ol (1, Je ool
" Oller) = n! (n+1)h

w el
= (HZ — 950”51 + le>
/ R (2,0)| dju(2) < w / bullz — zolley)dp(2)

< o | 1= mlints) + i 1= ol )

Hence



490 G.A. Anastassiou

(not to have a trivial case we take u(Q) =m > 0)

1 (=)
<2 [m“”“ (/ Hz—%ll?ﬂdu(»’i))
n! Q 1

GG —fvoH?fldu(Z)]

(we choose

1
s
h = (/Q Iz — ZUOHZHdM(Z)) > 0,

the case h = 0 is trivial and not discussed here)
wh™ 1 1
- | m it )

n! (n+1)
i.e. we got that

/Q (B2, 0)]dpu(z) < (m<>+ <ni1)>~

The validity of (59) is now clear. O
By using Riesz Representation Theorem, Theorem 13 and expanding we

obtain

Theorem 14. Let Q be a compact and convex subset of R¥, k > 1. Let

L be a positive linear operator from C(Q) into itself. Consider f € C"(Q),
n € N. Then:

IL(f) (@) = f(2)] < [1(x) = 1]]f(2)]

wh™
n!

’ Z{Z[;” (1)) o]

N (<i<uz—xu§1>><x>)@

x max wi (fa, (L(]|z — :c]\?l‘*'l))(a:))ﬁ), V€ Q. (60)

|a|=n

~ 1 1
[((Lu))(:c)) EaRyes, 1)}

Next we give our fuzzy multidimensional related results.

Theorem 15. Let Q := {x € R¥: ||z||,, < 1}, k > 1. Consider the fuzzy
positive linear operator

L:CHQ)— C(Q), neN, (61)
with the property
@hHE = L), (62)
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respectively, for all r € [0,1], Vf € C(Q). Here L is a positive linear
operator such that

L: C(Q) = C(Q), (63)
with L(1,x) = 1. Also fo = % s the fuzzy partial derivative of f, where
k
a:=(ag,...,ap),q; €LY, i=1,... k, and 0 < |a| :== > a; < n. Assume
i=1
for h > 0 we have that wF) := |m‘ax wgf)(fa, h) > 0, where wgf) 18 the fuzzy
al=n
modulus of continuity with respect to || - ||¢, relative to Q. Then
1)

k
H ai!
i=1

+ (e - ala @) 2w, veeq. (o

e

n IL((TT (21 = 20)*) (=) ]
D*(Lf,f) < Z{Z[ = D*(fa,fs)”
lo]=j

k
J=1 H(Jél'
=1
FIE0: = el )@ [ 2T | . (65

Proof. We have the following
D((Lf)(a). fa)) = sup max{|(LH)" = O @), () - 1 (@)}
® sup max{|L(f") — £7 @), IL(F7) - 17 @)}

(by Remark 1 (2), (6) and (53))

< sup max{zn:[z <|(f0{)(74)($)| <I~z<f[1(zz—$z)al>>(x)

k
s A i
i=1

|

O+ 2le) oo (200 1),

+ (IN/(HZ —fol)(‘T)) (1 4 ||-THE ) la|=n
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k

g[alzzj <\(fo%)[({:x)| <E(Z]_;[1(zi - $i)o‘i>>(l‘) )]
=1
Po(L+ [lzlle,)

+ (L2 — z[le,) () max wi ((fa){, h)}

A+ Tell) ol
P (o) o)

bul+ lolle)
(1+||$H€1) rel0,1]

+ (L2 = zlle ) (2))

X max{max wl((fa)(_r), h), max wl((fa)$)7 h)}

|a|=n |a|l=n

(by Lemma 4) ]Zn; Lz:j (D(J‘I;‘[‘(z)"a <E (f[l(zi - :ci)c”)> (z) >]
= )

Gn(1 + [1zle,) ,
max sup
(L +lzlley)  fol=nrefo

x max{wi ((fa) ", 0), w1 ((f2) 1), 1)}
<IZ <1;[1(zi — xi)o"'> ) (z)

D(fuo(x),0
Z( (fa(),0)
Onlltllzlle) o @ pm).

+ (L2 = zlle ) (2))

(by Proposition 1) En: [

k
j=1llal=; [T !
i=1
+ (L(llz = 2]y ()
U (Ut lzlle) lad=n
Inequality (64) is established. O
The next result follows.

Theorem 16. Let Q C R*, k > 1 be a compact convex subset. Consider the
fuzzy positive linear operator

L: CHQ) = C(Q), neN,
with the property
@hHY = L),

respectively, for all r € [0,1], Vf € C%(Q). Here L is a positive linear

operator such that L: C(Q) — C(Q), with L(1,z) > 0, Yz € Q. Consider
feCxQ). Then:
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+ (i(l)(:r))("ii” (L(ll= — 37””“)( ))ﬁ <23n' - 8(n — 1)1!(n + 1)>

max o) R ARG AT
ol ]<hWn+U< L(1)(x) ) , Yo eqQ. (66)

And
2)

D*(Lf, f) < |L(1) — 1||OOD*<f, o)

k
j=1 Lja|=j I !
i=1
_n_ (3 1
L (n+1) n+1 (ntD) |
+ |IL( (LAl = 2l @S 20l T 8- Dli(n+ 1)
2 — z||""Y)) (2) || 55D
X maxwl fa, H H H )(@) . (67)
ja|=n +1 L(1)(x) o0

Proof. We observe the following:

D((L)(@), f(2)) = sup max{|[(LNH" @)= @), (LN (@)= ()]}

rel0,1]
= sup max{|Z(f")(@) = f @) L) @) - 17 (@)}

re(0,1]

(5§7) sup max{|[~/(1)(x) — 1] |f£T)($)|

L))o

FEOE)TT (E() ol ) 0 [+ ]

1O ()|
55
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max w (r) 1 L(Hz—:p”?lﬂ)(x) SRANY: 21 (o
* ol 1<(f°‘) ’(n+1)< L)) > L) (@) =1 [f1 ()]

. g ;j((f})[if:ﬁ) <i<g(zi —;)® ))(m) >]
+ (L)@ (L2 = 2[5 ) (@ >><”+l>[ 1 )]

+ L) (L= = 2l ) Lfl

1 (r)
+ Sup max{ max w o),
&n—n<n+n]mﬁh {mgn1<“)

() ™)

max wn ((fa)(l)’ (n}r 1) <E(Hzi(f)”(1;+)l)( )> (nil)>}

(by Lemma 4 and Proposition 1)

|L(1)(z) = 11D (f(x),0)

3=1"al=j H ;!
T n+1 3
+ ) (Ll = ol @) ™ | o]
(1 (=l @) e
* a1 (f‘”" (n+1) ( L(1)(x) ) )
Inequality (66) is proved. O

Using Theorem 14 and working similarly as in the proof of Theorem 16
we obtain the very important
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Theorem 17. Let Q C R*, k > 1 be a compact convex subset. Consider the
fuzzy positive linear operator

L: CHQ) = C(Q), neN,
with the property
@hH = L),

respectively, for all r € [0,1], Vf € C%(Q). Here L is a positive linear
operator from C(Q) into itself. Consider f € C'#(Q). Then:
1)

. (E(TT (21 — 7)) @)
+Z{Z[ S D(fa(x),é)”
i=1 \|a|=; I !
=1
Lz — z|"t™Y)(z D) . 1
L (& HQ! )(2)) [(<L<1>>@>>“*“+<nil>}
< maxel” (fo. (E(]z = 2 D)D), Vo eQ. (69
And
2)

D*(Lf, f) < |L1—1l|sD*(f.6)

n IE(IT (2 = 20)*)) ()]

YD D*(fma))]

j=1La|=j a;!

—

=1

(|2 = 2l (@)|| T
+ n!

(L)T +

(n+ 1)Hoo

x max i (fo |02 = 2l ) @] Z7): (69)

laf

Next we give a fuzzy multivariate Korovkin type result.

Theorem 18. Let Q C R*, k > 1 be a compact convex subset. Consider the
sequence of fuzzy positive linear operators

Ln: CHQ) > C(Q), n=1, YNeN
with the property

(L) = La (),
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respectively, for allr € [0,1], Vf € C%(Q). Here Ly is a sequence of positive
linear operators from C(Q) into itself, YN € N. Assume |[Ly(1)] < 7,
¥>0,VN €N, and Ly(1) 51,

(L (2 = 2l|"*))(@)lloc = 0, as N — oco.

Then D*(Ln f, f) = 0, as N — oo, Vf € C(Q) at higher rate, i.e. Ly — 1,
as N — oo, fuzzy and uniformly.

Proof. We use (69) and the following.
By Holder’s inequality and Riesz Representation Theorem we obtain that

- ; T R n -
LIz = 2l7 ) @)]| o <777 [(Ln(llz = 2] ()] T
for j =1,...,n. Therefore we get
I(Ln(llz = zll;, (@), =0, 1<j<n,
as N — oo. Notice that

. k
(L2 = 2l @) = 3~ (m(nrzi—xm))(x)-
lol=5 TT ! i=1

Hence, since in the last equality all parts are nonnegative, we have

k

j! <iN (HI% _x,.\az'»(x) < (Ln(llz — 2l,)) (a).

Oéi! i=1

—n

1

2

Consequently we find that

H (2 (ﬁ( -2 ) )@ )

Thus
(o free))

as N — oo, for all a:|a] = 7, j = 1,...,n. The claim is now es-
tablished. O

k
H Ozi!

< Z |l - 2l ) @)

— 0,

(e 9]
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5. L,-ESTIMATES, p > 1
From Anastassiou [5] we have

Theorem 19. Let K be a convex and compact subset of the real normed
vector space (V,|| - ||). Let L be a fuzzy positive linear operator from Cr(K)

into itself with the property that there exists positive linear operator L from
C(K) into itself with (Lf)(ir) = L( ir)), respectively for all v € [0,1], Vf €
Cr(K). Then

D(L(f)(x), f(x)) < | L(1)(x) = 1|D(f (=), )
+ ™ (f, (L - =2l1?) (@) 2) min{ (L(1)(x)
+/L()(2), (L(1)(x) + 1)}, VzeK. (70)
Furthermore we get
D*(Lf, f) < D*(£,0)IL1 — 1]l
+ min{ || L(1) + \/L(1) oo, [ L(1) + 1f|oo }
A LME =) @), (1)

and || - ||oo stands for the sup-norm over K. In particular, if L(1) = 1 then
(71) reduces to

D*(Lf, f) < 20 (LA - —2)2) (@) 12). (72)

We give

Theorem 20. All as in the assumptions of Theorem 19, plus (K, A, i) is a
Borel measure space with u(K) < oo, p > 1. Then

([ DP<L<f><x>,f(x))dmm)l/p

< 1ot ([ D”(f(w),é)du(x)>l/p

+ min{||L(1) + y/L(1) oo, | L(1) + Lo }
x o™ (F A =2l @) 17) (u(K)) . (73)

Proof. Let f,g € Cr(K) and let x, M) xo, n — oo, where {zp}nen,

zo € K. We have
D(f(zn), 9(zn)) < D(f(2n), f(20)) + D(f(20),9(20)) + D(g(x0), 9(zn))
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and

D(f(20), 9(w0)) < D(f(w0), f(xn) + D(f(2n), 9(xn)) + D(9(xn), g(x0))-

Letting n — 400, from the continuity of f and g we find

lim D(f(xn),g(xn)) = D(f(x0), 9(x0))-

n—o0

Therefore the function F(z) = D(f(x),g(x)), z € K is a continuous real val-
ued function. Thus D(L(f)(x), f(x)) is continuous, hence Borel measurable.
Finally using (70) and by integrating we obtain (73). O
From now on the measure of integration will be the Lebesgue measure A,
and || - ||p, p > 1 will be the L,-norm.
We present

Theorem 21. Assume L(1,z) > 0, Va € [a,b]. All the rest as in Theorem
7. Then:

IDULS) (@), £@))lp < IL1 = Lol D(f (), )]l

" NL((t - 2)k, 2 00 -
+ S IOl o 0), ), + (-
k=1

2 =4 _1
TN (1700 S oI
X{g 3 <n+1>] pera (Gl 6
F) [ ¢n) E(]t — "t ) =Sy
X Wy f s P f/(l x) , n € N. (74)

We also have

Theorem 22. Assume all as in Theorem 8. Then

ID((LF) (), F@))llp < IIL1 = oo | D(f(2), 3)llp

n T _ 25N (z 0o ~
Py (L k)' ) ()]l ID(f*) (x),6)]],
k=1

n

I(L(] - —a|™ ) ())&
n!

1

O

+

1
F - S
x WP (SO (L) -~ @I )b - a)Vr. (75)
Furthermore we list our multivariate fuzzy L, results, p > 1.

Theorem 23. Assume all as in Theorem 15. Then

ID(LS) (), f())]lp
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. k
o (G rm)@
gz{z_[ S ||D<fa<x>,a>rp>]}
J= |a|=3 1:1041‘.
P (1 A+ [l]ley)

+ (Ll = zlle) (@)l wP(A@)P. (76)

(L +llzlley) oo
We continue with

Theorem 24. Assume all as in Theorem 16. Then

ID(LF) (), f@)]lp < [L(1) = lool [ D(f (=), )]
ok
[(Z(TT (zi = 2i)*)) (@)]|

> (—=— HD(fa@s),a)u)]

loo|=j H 041'!
=1

n
>
j=1

+ LN - T (o + 510057 )

(Iz = 2|2 @)\ || e

< s’ (fa’ +1H< L(1)(x) )

We finish our main results with

)A(Q)W (77)

[e.9]

Theorem 25. Assume all as in Theorem 17. Then

ID(L) (@), £@))llp < ILQ) = UlcD(f(2),0)]

GG )@l
* Z{ > [ — IID(fa(fv)vé)!p] }
‘a| J H O[Z'
i s — n+1 (n+1) L
N IICL ||n' )(2))lloc (E(1) T 4 (nJlrl)H

X |m‘a><w1 ' (Fao ICE(z = 27 @) "“)) (@Y. (78)

6. APPLICATIONS
Let f € C%([0,1]), and the real Bernstein operators

N
By @)@ =30 ) ()1 0¥+ ve e ol vo e 0.1,

k=0
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We have Byl = 1, (By(id))(z) = =, also (By(- — x))(z) = 0, Va € [0,1].
Furthermore we get

(Br((— ) = o < T

with equality at z = 3. By (11) and (17) we obtain

DB (@), f) < - Mw@(f,’ M)

2 N N

IN

3
v (o) (79
VN €N, Vz € [0,1], Vf € CL([0,1]).

Clearly then hrJrrl D*(B( )(f), f) = 0, fuzzy and uniformly, Vf € C%([0,1]),
N—

at higher speed than (13).
2) Inequality (68) for n = 1 becomes

D((Lf)(x), f(z)) < |L(1)(z) - 1|D(f(2),0)

+Z< s 5w ))

If L()(z) = 1, (L(z —x;))(z) = 0,Yz € Q, all i = 1,... ,k, n = 1, then
(68) reduces to

< w7 (L@ = el )@, vee Q. 1)

Let g € C([0,1])?, the two-dimensional Bernstein polynomials of g are
defined by

(Bmm(9))(t1,t2)

5 () (o

=0/
for all ¢ := (t1,t2) € [0,1]2, all (m,n) € N2. It is known that B, =(9) — g
uniformly on [0, 1]2. Clearly (B, 7(1))(tit2) = 1, V(t1,t2) € [0,1)%,V(m, n) €
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N2. Using Schwarz’s inequality we get

V (Bl - —t12)(®) < <\/ tl“ﬂ; t) \/w(ln— m)

g;( ! 1), W(m,7) € N2, Vit € [0,1]2. (83)

Jm Un
We have easily that
(Bma(zi —ti))(t1,t2) =0,

Next we define the fuzzy two-dimensional Bernstein operators as follows

BNt = 3% f( )

k=1 (=0

® (k><£)tk1—t1m F(1 — o)™, (85)
Y(m,m) € N2, Vf € Cx([0,1]?).

i=1,2. (84)

*

V(tl,tg) S [0, 1] ,
We observe as valid the following

(B = Bun(£),

m,n

(86)

respectively, for all » € [0,1], Vf € C([0,1]?). Finally, by (81) and (83) we
derive that
D((Bﬁn%(f))(tlatQ) f(t1,t2))

3

2

(\/tl(l—t1)+\/t2(1—t2))
G )

1€{1,2}

<3G )l () o

- 4
(L5 ()}

V(m,m) € N2, V(t1,t2) € [0,1)%, Vf € CL(]0,1]?).

mlrlzglooD*(B(}—) (f),f) = 0, fuzzy and uniformly, Vf €

Clearly then

CL(]0,1]?), at a higher rate.
One can give many similar other applications of our theorems.
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