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ABSTRACT: The paper deals with the analytical model for the normal
stresses in the reinforced concrete (RC) ring cross sections weakened by
openings. The aim of the paper is to compare numerically the least squares
approach with a direct method for solving sets of nonlinear equations forming
the model.

In the least squares approach the resulting optimization problem is to
minimize the sums of the second powers of the residuals of the equations.
The feasible points area is represented by the box constraints following from
the physical sense of the variables. The resulting minimization problems
are solved by means of the BFGS quasi-Newton and/or Hooke-Jeeves local
minimizers suitably modified to take into account the box constraints.

The Broyden quasi-Newton method was implemented and tested in the
direct approach to solve the sets of nonlinear equations. It uses an ap-
proximation of the Jacobi matrix inverse at each iteration to generate the
consecutive point.
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1. INTRODUCTION

Determination of the normal strains and stresses in RC ring cross sections
weakened by openings due to the normal force and the bending moment has
been analysed as a theoretical problem as well as a practical one. Such cross
sections are encountered in structural design (tower structures, chimneys,

pipes, etc.), see Lechman and Stachurski [8]. In the paper, the governing
equations for the normal strains and stresses due to the bending moment
and the normal force are derived for the case when openings are located
symmetrically in respect to the bending direction.

The resulting sets of nonlinear equations are solved in two ways either
directly by means of the Broyden quasi-Newton method or using the least
squares approach where the sums of the second powers of the equations
residuals are minimized. The second approach requires the use of the op-
timization techniques. The solution is searched by means of the modified
BFGS and Hooke-Jeeves methods (see Bazaraa et al [1], Bertsekas [2], Broy-

den [3] and Broyden [4], Fletcher [5], Stachurski and Wierzbicki [9]). Both
presented approaches enable the evaluation of the strains and stresses in the
ring cross sections by the interactive analysis.

For presentation of the proposed section model the annular cross section
weakened by one opening is chosen.

2. DERIVATION OF EQUATIONS FOR THE SECTION
WITH ONE OR TWO OPENINGS

The annular cross-section, described by the outer radius – R and the inter
radius – r, is assumed to be weakened by one or two openings. The locations
of openings are determined by couples of the angular coordinates (0, α1) and

(α2, π), 0 ≤ α1 ≤ α2 ≤ π. The reinforcing steel spaced in a general case
continuously at l layers can be replaced by a continuous ring of equivalent
area located on the reference circumference of radius rs. The section under
consideration is subject to the normal force N and the bending moment M .

In the present derivation the following assumptions are introduced:

(1) the distribution of strain across the section is plane,

(2) the tensile strength of concrete is ignored,

(3) the reinforcement in both the tension and compression zone is taken
into account,

(4) the shell is thin compared with its diameter,

(5) elasto-plastic stress/strain relationships for concrete and steel are
used,

(6) the ultimate strain for concrete is defined as - 0.0035, while for rein-

forcement as 0.005 (tension) and -0.005 (compression).
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Figure 1. The cross-section weakened by two openings

Figure 2. Distribution of strains ǫ, stresses in concrete σb and
in steel σs across the section

The stress-strain relationships for concrete in compression are assumed as
(Figure 1 and Figure 2):

σb =
fck
γc

ǫ (1 + 0.25ǫ) , −2 ≤ ǫ ≤ 0 ,

σb = −
fck
γc

, −3.5 ≤ ǫ ≤ −2 ,
(1)
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where: σb – compressive stress in concrete, ǫ – strain in concrete, expressed
per mille, [o/oo], fck – the characteristic strength of concrete in compression,
γc – partial safety factor for concrete.

The material law for steel in tension and compression is given by (Figure

2):

σs =
fyk
ǫs

ǫ , −
ǫs
γs

≤ ǫ ≤
ǫs
γs

,

ǫs =
fyk
Es

,

σs =
fyk
γs

,
ǫs
γs

≤ ǫ ≤ 5 ,

σs = −
fyk
γs

, −5 ≤ ǫ ≤ −
ǫs
γs

(2)

where: fyk – the yield stress of steel, γs – partial safety factor for steel, Es

– modulus of elasticity of steel.
Due to the Bernoulli assumption we obtain:

ǫb =
cosϕ− cosα

ρR − cosα
ǫ̇ ,

ǫa =
ρ cosϕ− cosα

ρR − cosα
ǫ̇ ,

(3)

where: ǫb, ǫa – strains in concrete and steel, respectively, ǫ̇ – the maximum
compressive strain in concrete, α – the angle describing the location of the
neutral axis, ϕ – angular coordinate, rm – mean radius of the ring (equal

to the centroidal radius of concrete rc), ρ – coefficient ρ = rs/rm, ρR –

coefficient ρR = R/rm.
The equilibrium equation of the normal forces in the cross-section weak-

ened by one or two openings takes the following form:

−
1− µ

γc
(αb − α1)

+
1− µ

γc

ǫ̇

ρR − cosα

[

X1(α, αb) +
ǫ̇

4(ρR − cosα)
X2(α, αb)

]

+ µ
fyk
fck

[

−
1

γs
(αa1 − α1) +

1

ǫs

ǫ̇

ρR − cosα
X3(αa1, αa2) +

1

γs
(α2 − αa2)

]

+
N

2rmtfck
= 0 , (4)
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where:

X1(α, αb) = sinα− sinαb − cosα(α− αb) ,

X2(α, αb) = (
1

2
+ cos2 α)(α− αb) +

1

4
(sin 2α− sin 2αb)

−2 cosα(sinα− sinαb) ,

X3(αa1, αa2) = ρ(sinαa2 − sinαa1)− cosα(αa2 − αa1) ,

(5)

αb – the angle determining the depth of the plastifying zone of the
concrete,

αa1 – the angle determining the depth of the plastifying zone of the
compressive steel,

αa2 – the angle determining the depth of the plastifying zone of the tensile
steel,

t – the thickness of the cross-section t = R− r,
µ – the ratio of areas, steel to concrete.

The equilibrium equation of the bending moments in the section under
consideration takes in turn the following form:

−
1

2

1− µ

γc
(sinαb − sinα1) +

1

2

1− µ

γc

ǫ̇

ρR − cosα

[

Y1(α, αb)

+
ǫ̇

4(ρR − cosα)
Y2(α, αb)

]

+
1

2
µ
fyk
fck

[

−
1

γs
ρ(sinαa1 − sinα1)

+
1

ǫs

ǫ̇

ρR − cosα
Y3(αa1, αa2) +

1

γs
ρ(sinα2 − sinαa2)

]

+
M

4r2mtfck
= 0 ,

(6)

where:

Y1(α, αb) =
1

2
(α− αb) +

1

4
(sin 2α− sin 2αb)

− cosα(sinα− sinαb) ,

Y2(α, αb) = (1 + cos2 α)(sinα− sinαb)−
1

3
(sin3 α− sin3 αb)

− cosα

[

α− αb +
1

2
(sin 2α− sin 2αb)

]

,

Y3(αa1, αa2) = ρ

{

ρ

[

1

2
(αa2 − αa1) +

1

4
(sin 2αa2 − sin 2αa1)

]

− cosα(sinαa2 − sinαa1)} .

(7)

The equations (4)-(7) describe all of the eight possible cases (schemes) of
behaviour of the section under consideration. Let us consider the case when
both concrete and steel are in plastic phase. The conditions of the strain con-
tinuity for the concrete and the compressive and tensile steels are expressed,
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respectively:

cosαb − cosα

ρR − cosα
ǫ̇ = −2 , (8)

ρ cosαa1 − cosα

ρR − cosα
ǫ̇ = −

ǫs
γs

, (9)

ρ cosαa2 − cosα

ρR − cosα
ǫ̇ =

ǫs
γs

. (10)

Thus, the problem is described by the set of the five nonlinear equations
given in the form (4), (6), (8)-(10) with the unknown variables α, ǫ̇, αb, αa1,
αa2.

3. DESCRIPTION OF THE OPTIMIZATION ALGORITHM

USED FOR SOLVING THE SETS OF

THE DERIVED EQUATIONS

3.1. FORMULATION OF THE PROBLEM

The purpose of the paper is to solve the derived set of nonlinear equations
of the form

Fi(x) = 0, i = 1, . . . , n . (11)

Number of equations is equal to the number of unknown variables in any
problem considered in our paper. Although this number is different depend-
ing on the states of the steel and concrete.

Formulating the optimization problem the authors have decided to min-
imize the sum of second powers of the Fi functions, i.e. the resulting opti-
mization problem is as follows

minx∈Rn f(x) =
∑n

i=1
F 2
i (x) ,

s.t. xLi ≤ xi ≤ xUi , i = 1, . . . , n .
(12)

Box constraints in the problem follow from the mechanical interpretation of
the unknowns. Functions Fi are nonlinear and therefore the optimization
problem is also nonlinear. The problem has got some unpleasant numerical
properties. The minimized functions are very flat in the major part of the
feasible region.

The authors have used three solvers developed ourselves in the standard
ANSI C language. The first two use the least squares reformulation of the
problem and apply the unconstrained optimization methods to solve. First
of them implements the local BFGS quasi-Newton minimizer and the second
the Hooke-Jeeves direct search method.
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Although the BFGS and Hooke-Jeeves methods are the unconstrained
optimization methods, in this implementation, box constraints on the pa-
rameters have been introduced and the algorithm rules have been modified
appropriately to ensure feasibility (see section 3.2). For comparison purposes
the nongradient routine implementing the modified Hook-Jeeves method has
been prepared. Its description may be found for instance in Bazaraa et al
[1], Fletcher [5]).

The third solver executes iterations aiming to solve directly the set of
nonlinear equations (11).

3.2. BFGS QUASI-NEWTON LOCAL

MINIMIZATION METHOD

The authors have realized a variant of the BFGS method. It belongs to
the class of the so-called quasi-Newton methods (see for instance Bazaraa et

al [1], Bertsekas [2], Fletcher [5], Goldfarb [6] or Stachurski and Wierzbicki

[9]). The BFGS method starts from a given starting point x0 and realizes
typical for gradient unconstrained optimization steps of the form

xk+1 = xk + τk ∗ dk, (13)

where dk = −Hk∇f(xk) is the search direction and τk is the stepsize co-
efficient selected in the directional minimization function. It utilizes the
gradient and independent variables differences to update the approximation

Hk of the inverse of the second order derivative
(

∇2f(xk)
)−1

of the mini-

mized function according to the following formula

Hk+1 = Hk +

(

1 +

(

rk
)T

Hkrk

(rk)
T
sk

)

sk
(

sk
)T

(rk)
T
sk

−
sk
(

rk
)T

Hk +Hkrk
(

sk
)T

(rk)
T
sk

,

(14)

where rk = pk+1 − pk, sk = xk+1 − xk and pk = ∇f(xk).
Iterations of the local minimizer are stopped when the norm of the gradi-

ent (derivative) of function f is smaller than a given accuracy ǫBFGS > 0.
Two variants of the directional minimization have been tested. In the

first one, the successive quadratic/cubic approximations of function f̄(τ) =

f(xk + τ ∗ dk) have been used. Search along the direction is stopped, when

the following step-size rule (it is referred later as “the Wolfe-Powell step-size

rule” assuming the name used by Fletcher [5]) is satisfied, i.e.

|df̄(τk)|

−df̄(0)
=

|(∇f(xk + τkdk))Tdk|

−(∇f(xk))Tdk
≤ ω, for some ω ∈ (0, 1) . (15)

Parameters ǫBFGS and ω are specified by the user.
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The choice of the quadratic or cubic approximation depends on the re-

lation between between the value of f̄(τ) at some trial point τ and the
corresponding value of the linearization at build in the the left bound τL,
i.e.

• Cubic if

f̄(τ) < f̄(τL) + (1 + θ)τ f̄ ′(τL) . (16)

• Bisection if

f̄(τL) + (1 + θ)τ f̄ ′(τL) ≤ f̄(τ) ≤ f̄(τL) + (1− θ)τ f̄ ′(τL) . (17)

• Quadratic approximation if

f̄(τ) > f̄(τL) + (1− θ)τ f̄ ′(τL) . (18)

The constant parameter θ belongs to the interval (0, 1).
Those conditions represent the idea that for τ close to τL positive cur-

vature suggests the use of quadratic approximation, while the negative one
the cubic approximation. The third intermediate case reflects the situation

when f̄ is locally close to linear.
The second directional minimization tested assumed start from a given

step-length and its consecutive decrease via a user specified coefficient. The
first point satisfying the second Goldstein test (see Goldstein [7])

f(xk + τkdk)− f(xk) ≤ ̺τk∇f(xk)Tdk (19)

is accepted as the result of the directional minimization (̺ ∈ (0, 1
2
).

This general scheme of the minimizer has been modified to take into ac-
count box constraints on variables. This is in accordance with the modern
optimization routines which are usually implemented so that they minimize
a function subject to box constraints, i.e. solve the problem

minx∈Rn f(x) ,

s.t. xLi ≤ xi ≤ xUi , for i = 1, . . . , n.
(20)

It was also necessary to modify the stopping criterion. The Kuhn-Tucker
necessary optimality conditions in the case of box constraints take the form

(1) the following inequalities should be satisfied on the boundaries

if xk+1

i = xLi then pk+1

i ≥ 0 ,

if xk+1

i = xUi then pk+1

i ≤ 0 ,
for i = 1, . . . , n ,

where pk+1 = ∇f(xk+1).

(2) the norm of the gradient in the subspace of variables that are not on

their bounds in the new point xk+1 should be equal to 0. Of course,
in practice it is verified, whether it is sufficiently small.
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The resulting algorithm is as follows:

0. Specify bounds xL and xU on variables. Select a feasible starting

point x0 satisfying the box constraints. Choose accuracy parameters

– ǫBFGS > 0, ω ∈ (0, 1). Calculate values of gradient p0 and function

f0 at the starting point x0. Take H0 = I, where I is the identity
matrix, k := 0.

1. Calculate the current search direction according to the following for-
mula

dk = −Hkpk .

2. Find τ ≤ 0 such that the Wolfe-Powell step-size rule is satisfied, i.e.

|(∇f(xk + τkdk))Tdk|

−(∇f(xk))Tdk
≤ ω .

3. Calculate the next point

xk+1 = xk + τkdk ,

and the gradient at the new point pk+1.
4. Check the stopping criterion (the Kuhn-Tucker conditions). If the

stopping criteria are satisfied then STOP.

5. Compute the gradient rk = pk+1 − pk and independent variables

sk = xk+1−xk differences. Update the approximation of the inverse
Hessian using formula (14).

6. Set xk+1 = xk, pk+1 = pk. Increase the iteration index k by one.

Calculate f(xk). Return to Step 1.

Directional minimization implemented in Step 2. is not typical. In fact,

the function f̄(P (xk + τdk)) is minimized instead of f̄(xk + τdk), where P
represents the projection operator on the set of feasible points defined by
the box constraint. So this means that the inverse Hessian approximation
in the whole space is maintained, the descent direction in the whole space is
generated and the directional minimization is carried out in a specific way. It
differentiates substantially this approach from the typical active set methods
for problems with linear constraints.

3.3. THE HOOKE-JEEVES DIRECT SEARCH METHOD

The Hooke-Jeeves method (see, for instance Hooke and Jeeves (1961),

Findeisen at al. (1977), Stachurski and Wierzbicki (1999)) represents the
class of an ad hoc direct approach to the minimization of the n-dimensional
function. It makes use of n mutually orthogonal search vectors forming a
basis of the Rn space. Two kinds of steps are considered. First, we fix a
basic point. Starting from the basic point we move either forward or back
with the fixed step-size τ along the consecutive basis vectors. Afterwards,
if we succeed we have got new point with smaller value of the minimized
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function. In the case of success we try to go further along the vector joining
the new point with the basic one. In the case of failure the step-size τ is
decreased by a constant coefficient. The whole process is repeated untill τ
is larger than the given accuracy.

The algorithm is as follows.

Initialization. Select x0 - starting point,
[

d1, . . . ,dn
]

- basis formed by

the n mutually orthogonal vectors (n - number of independent variables),

τ - starting step-size length, β ∈ (0, 1) - step-length reduction coefficient,
ǫ - accuracy parameter. Set the iteration counter to zero k := 0, calculate

f0 = f(x0).

Trial Step.

Set xB = xk, fB = fk.
For i = 0, . . . , n execute the trial step

Calculate xi = xk + τdi, f i = f(xi).

If f i < fk then xk+1 = xi, fk+1 = f i

otherwise
calculate xi = xk − τdK , f i = f(xi).

If f i < fk then xk+1 = xi, fk+1 = f i

If i ≤ n then k := k+ 1, return to the beginning to the loop otherwise go
to the Acceleration Step.

Acceleration Step.

If fB ≤ fk then

• if τ < ǫ then STOP, assume that xk as the optimal solution
• decrease the step-length τ = βτ and return to Step 1

otherwise
Calculate xi = xk +

(

xk − xB

)

, f i = f(xi).

If f i < fB then xB = xk+1 = xi, fB = fk+1 = f i

otherwise
xB = xk, fB = fk.
Increase the iteration counter k := k + 1 and return to Step 1.

3.4. BROYDEN’S QUASI-NEWTON METHOD

Broyden’s method for solving sets of nonlinear equations is similar to
the BFGS foreseen for unconstrained optimization. It uses iterations of the
following form

xk+1 = xk + dk , (21)

where step dk is the solution of the following set of linear equations

Bkdk = −F (xk) . (22)
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Matrix Bk is updated at each iteration similarly as in the BFGS method.
The important difference is that those matrices are not necessarily symmet-

ric. The Jacobi matrix approximated by Bk is usually not symmetric while
the Hessian in the optimization problems is symmetric.

The updated Bk+1 should fulfill the quasi-Newton condition

Bk+1sk = yk , (23)

where sk = xk+1 − xk and rk = F k+1 − F k. It reflects the approximate
equality held by the Jacobi matrix

F (xk) = F k+1 + J(xk+1)
(

xk − xk+1
)

, (24)

or equivalently

rk = J(xk+1)sk . (25)

Now let us impose on Bk+1 two requirements: 1 - image on vectors orthog-

onal to sk is the same as of Bk, 2 - the quasi-Newton condition helds.
Those requirements are verified by the following update

Bk+1 = Bk +

(

rk −Bksk
)

(sk)T

(sk)Tsk
. (26)

The Broyden method described above is often implemented so that the
equation (22) is solved directly at each step by means of the Gauss elimi-
nation. In the authors’ opinion it is an unnecessary loss of computational

effort. Therefore the corresponding updating formula for the inverse of Bk

has been derived using the Householder formula

Hk+1 = Hk −

(

Hkrk − sk
)

(sk)THk

(sk)THkrk
. (27)

It is easy to verify that Hk+1 is the inverse of Bk+1. See Lemma 1 below.

Lemma 3.1. Let Bk be an n× n nonsingular square matrix and Hk be its

inverse. Let furthermore the coefficient (sk)THkrk 6= 0 assumes nonzero
value.

Then Hk+1 and Bk+1 generated by formulae (27) and (26) verify the
equality

Hk+1Bk+1 = I ,

i.e. Hk+1 is the inverse of Bk+1.
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Proof. Direct calculations show the desired thesis

Hk+1Bk+1 =

[

Hk −

(

Hkrk − sk
)

(sk)THk

(sk)THkrk

][

Bk +

(

rk −Bksk
)

(sk)T

(sk)Tsk

]

= HkBk +

(

Hkrk −HkBksk
)

(sk)T

(sk)Tsk
−

(

Hkrk − sk
)

(sk)THkBk

(sk)THkrk

−

(

Hkrk − sk
)

(sk)THk

(sk)THkrk

(

rk −Bksk
)

(sk)T

(sk)Tsk

= I +

(

Hkrk − sk
)

(sk)T

(sk)Tsk
−

(

Hkrk − sk
)

(sk)T

(sk)THkrk

−

(

Hkrk − sk
)

(sk)T
(

(sk)THkrk − (sk)Tsk
)

(sk)THkrk · (sk)Tsk

= I +
(

Hkrk − sk
)

(sk)T

×

(

(sk)THkrk − (sk)Tsk
)

−
(

(sk)THkrk − (sk)Tsk
)

(sk)THkrk · (sk)Tsk
. �

The resulting algorithm is presented below

0. Select a feasible starting point x0 satisfying the box constraints.
Choose accuracy parameters – ǫBr, ǫh, ǫH Update, where: ǫBr – ac-

curacy coefficient in the residua stopping criterion, ǫh – step in the
starting Inverse Jacobian evaluation and ǫH Update – accuracy pa-

rameter used in the safeguard criterion ensuring nonsingularity of

the new update. Calculate values of equations functions F 0 at the

starting point x0. Select H0 = I, where I is the identity matrix,
k := 0.

Calculate n equations functions values F i = F (xi) at points

xi = x0 + ǫhei, where ei denotes the i–th versor of the cartesian co-

ordinates. Compute new H0 appying n times updating formula (27)

with pairs of verctors si = xi − x0, ri = F i − F 0.
1. Calculate the current search direction according to the following for-

mula

dk = −HkF k .

2. Calculate the next point

xk+1 = xk + dk
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and the vector of equations functions values at the new point F k+1.
3. Check the stopping criterion, i.e. verify if the following condition

res =

√

√

√

√

n
∑

i=0

F 2
i (x

k+1) < ǫBr . (28)

If the stopping criterion is satisfied satisfied then STOP.

4. Compute the vector of the residua differences rk = F k+1 − F k and

independent variables sk = xk+1−xk differences. Verify the nonsin-

gularity test of Hk+1.
If

(sk)THkrk > ǫH Update

update the approximation of the inverse Jacobian using formula (27).

5. Set xk+1 = xk, F k+1 = F k. Increase the iteration index k by one.
Return to Step 1.

Closer look at algorithm shows that the starting H0 is calculated apply-

ing small increments in the neighbourhood of the point x0 and using the
same updating scheme as in normal steps. The aim is to start with the

approximation H0 close to the Jacobian inverse J−1(x0).

4. NUMERICAL EXAMPLES

The presented approach enables the determination of strains and stresses
in the sections under consideration by the interactive analysis. There are
eight possible cases (schemes) of behaviour of the section under considera-
tion. The problem is described mathematically by a set of equations which
are nonlinear and difficult to be solved. Every behaviour scheme results in
a different set of equations. It is not known a priori which is the correct
one. Therefore one has to start with the simplest possible scheme (both

steel and concrete are elastic) and verify some conditions which indicate the
next scheme and the corresponding set of nonlinear equations to be tried.

The set of the nonlinear equations given in the form (4)-(10) is solved
directly by means of the Broyden secant method and alternatively using
the least squares approach. In the second one the problem is reformulated
and assumes the form of an optimization problem. In fact, the sum of the
second powers of their residuals is minimized. The resulting optimization
problems have been solved by means of the modified BFGS quasi-Newton
and/or Hooke-Jeeves direct search methods.

In the selected example the yield stress of steel is assumed as fyk =

410MPa, partial safety factor for steel γs = 1.15, the characteristic strength
of concrete in compression fck = 20MPa, partial safety factor for concrete
γc = 1.5. The structure is subject to the normal force N = 16900kN and
the bending moment M = N · e, where e is the eccentricity of the force
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N . The geometry of the section is described by the following parameters:
outer radius R = 4.8m, inter radius r = 4.3m, the reference radius of steel
rs = 4.76m, α2 = π (i.e. the second opening is missing), the ratio of areas

(steel/concrete) µ = 1.0%. Both the closed section and the ones weakened by
one opening of three different sizes were considered. Solutions corresponding
to different values of the eccentricity ratio (e/R) were searched.

The problem has created serious numerical difficulties. Hence the compu-
tational time was not as important from the authors point of view as to reach
the solution with the desired accuracy. It was relatively easy to solve the set
of equations corresponding to elastic behaviour of both material components
(concrete, steel). However even in this case the least squares methods some-
times required careful selection of the starting point. The Broyden method
has usually converged very fast from the assumed default starting point.

When one or two of the material components were assumed to be in the
plastic state the corresponding sets of nonlinear equations were sometimes
very hard to solve. The Broyden secant method has usually found a solution
which was not physically acceptable (calculated values were outside the fea-

sible scope, not permitted from the physical point of view), as for instance

for: e/R = 10.08, α1 = 0.384, steel is in the plastic state, concrete remains
elastic. Broyden’s method started from the default starting point gave the
following answer:

α = −2.108, ǫ = −6.744, αs2 = −34.721, res = 6.3 · 10−11

Both angles α and αs2 are outside their feasible scope [0, π].
The BFGS and Hook-Jeeves methods were often not able to find the

solution with the desired accuracy at all, as for instance: e/R = 12.0, α1 =
0.384, steel is in plastic state, concrete remains elastic. BFGS method started
from the default starting point returned the point with the residuals norm

res = 0.428 and the Hook-Jeeves method with res = 3.15 · 10−4.
After many runs of the program the most successful strategy has been

found - first start from the default starting point, then continue with the
Hook-Jeeves method starting from the approximate solution found by the
BFGS and as the final move - run the Broyden method from the solu-
tion found by the previously applied method. The program implemented
in the standard ANSI C progarmming language is prepared so that it per-
mits smoothly switch from one method to another without changing the
model and keeping the best point from the previous run as the starting for
the current. This procedure is very well illustrated by the calculations for the
closed ring section with the large eccentricity ratio e/R = 15.36 (e = 3.5).
It is depicted graphically in Diagram 1.
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Broyden
Scheme ”0”’
α 1.083
ǫ -1.133
ǫb -1.133
ǫs2 2.2929
res 7.2 · 10−11

⇒

BFGS
Scheme ”4”’
α 1.083
ǫ -1.133

αs2 1.735
ǫs2 2.2929
res 4.6 · 10−1

⇓
Hooke

Scheme ”4”’
α 0.892
ǫ -1.878

αs2 1.338
res 7.5 · 10−3

⇒

Hooke
Scheme ”4”’
α 0.852
ǫ -2.109

αs2 1.240
ǫs2 9.07
res 3.2 · 10−3

⇒

Broyden
Scheme ”4”’
α 0.819
ǫ -2.344

αs2 1.164
ǫs2 10.897
res 4.9 · 10−11

⇓

αs2 := αb ⇒

Hooke
Scheme ”6”’
α 0.840
ǫ -2.332
αb 0.2429
αs2 1.194
ǫb -2.332
ǫs1 -2.279
ǫs2 10.30
res 2.6 · 10−3

⇒

Broyden
Scheme ”6”’
α 0.804
ǫ -2.970
αb 0.3577
αs1 0.535
αs2 1.086
ǫb -2.970
ǫs1 -2.900
ǫs2 14.31
res 2.5 · 10−11

Diagram 1: Schedule of calculations for the closed ring section
when both steel and concrete has plastified

The results of the numerical experiment are summarized in Tables 1, 2, 3
and 4. Table 1 contains results for the closed ring section. Other three tables
summarize calculations for the ring sections with openings of different size

characterized by different values of the angle α1, Table 2 for α1 = 0.192(110),

Table 3 for α1 = 0.384(220) and Table 4 for α1 = 0.576(330). Each table
contains values computed for a sequence of the increasing eccentricity ratios.
Final values of all unknown variables, some indicators important from the
engineer point of view and the final norm of the residuals are notified for
every particular ratio. The solutions were accepted when the minimized sum
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of the second powers of the residua was smaller than 10−10 and rejected oth-
erwise. The point of switching the calculations from one scheme to another
are also notified.

e/R α ǫ ǫS res
2.88 2.609 -0.198 0.019 4.7 · 10−14

3.36 2.189 -0.221 0.063 4.3 · 10−15

3.84 1.746 -0.329 0.221 6.4 · 10−10

4.32 1.583 -0.379 0.372 9.0 · 10−11

4.80 1.421 -0.432 0.548 1.9 · 10−11

5.28 1.329 -0.485 0.737 3.3 · 10−11

5.76 1.262 -0.538 0.934 4.0 · 10−11

7.20 1.287 -0.468 0.802 9.3 · 10−12

8.40 1.223 -0.547 1.063 1.0 · 10−12

9.60 1.180 -0.627 1.326 6.7 · 10−11

10.08 1.167 -0.659 1.432 2.4 · 10−12

10.80 1.150 -0.708 1.591 7.4 · 10−11

12.0 1.128 -0.789 1.857 8.2 · 10−12

Steel has switched to the plastic state because ǫS > ǫGr = 1.697. Concrete
remains elastic.

e/R α ǫ αs2 ǫS res
13.2 1.170 -0.910 2.518 1.967 2.6 · 10−13

13.92 1.136 -1.004 2.243 2.322 3.9 · 10−13

15.36 0.819 -2.344 1.164 10.897 4.9 · 10−11

Concrete has plastified.

e/R α ǫ αb αs1 αs2 ǫS res
15.36 0.804 -2.97 0.3677 0.535 1.086 14.31 2.5 · 10−11

Table 1. Results for the ring section without openings



Nonlinear Equations for the Determination of Stresses 547

e/R α ǫ ǫS res
4.8 1.604 -0.396 0.369 4.4 · 10−12

7.2 1.361 -0.599 0.888 3.0 · 10−11

8.4 1.357 -0.702 1.156 8.9 · 10−12

9.6 1.271 -0.807 1.426 4.0 · 10−12

10.08 1.259 -0.849 1.535 4.0 · 10−11

10.80 1.245 -0.913 1.638 2.9 · 10−12

12.0 1.226 -1.022 1.972 1.4 · 10−11

7.20 1.287 -0.468 0.802 9.3 · 10−12

8.40 1.223 -0.547 1.063 1.0 · 10−12

9.60 1.180 -0.627 1.326 6.7 · 10−11

10.08 1.167 -0.659 1.432 2.4 · 10−12

10.80 1.150 -0.708 1.591 7.4 · 10−11

12.0 1.226 -1.022 1.972 1.4 · 10−11

Steel has switched to the plastic state because ǫS > ǫGr = 1.697. Concrete
remains elastic.

e/R α ǫ αs2 ǫS res
12.0 1.273 -1.048 2.689 1.842 1.9 · 10−13

13.2 1.220 -1.250 2.208 2.443 4.6 · 10−13

13.92 1.170 -1.441 1.955 3.114 3.8 · 10−11

Table 2. Results for the ring section with a single opening

α1 = 0.192(110)

Values of the stresses in the concrete σb and in the steel σs in the closed
ring section are plotted directly as a function of the eccentricity ratio e/R

and the size of the opening 2α1 (depicted on Figure 3 and 4). The pre-
sented curves indicate that the obtained relationships reflect the physical
nonlinearity of the concrete and steel.

5. CONCLUSIONS

The following conclusions can be deduced:

(1) The implemented modified BFGS, Hook-Jeeves and Broyden quasi-
Newton methods have been successfully used to solve the sets of
equations proposed for determining and analysis of stresses in the
RC ring cross sections weakened by openings. The computational
experiment points that the most successfull strategy is to start cal-
culations with the BFGS, followed by the Hook-Jeeves (used some-

times several times) and apply Broyden method at the final stage to
obtain good numerical accuracy. It refers especially to the inelastic
cases.
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e/R α ǫ ǫS res
4.8 1.627 -0.534 0.475 1.0 · 10−12

7.2 1.442 -0.806 1.20 8.3 · 10−11

8.4 1.398 -0.947 1.305 2.1 · 10−12

9.6 1.369 -1.091 1.590 6.5 · 10−11

10.08 1.360 -1.150 1.707 5.3 · 10−12

Steel switches to the plastic state because ǫS > ǫGr = 1.697. Concrete
remains elastic.

e/R α ǫ αs2 ǫS res
10.80 1.378 -1.262 2.760 1.807 9.6 · 10−11

12.0 1.326 -1.534 2.249 2.434 9.4 · 10−11

13.2 1.233 -2.082 1.820 3.966 9.8 · 10−11

13.92 1.149 -2.873 1.545 6.473 1.8 · 10−11

Table 3. Results for the ring section with a single opening

α1 = 0.384(220)

e/R α ǫ ǫS res
4.8 1.666 -0.760 0.629 1.5 · 10−11

7.2 1.531 -1.146 1.227 4.2 · 10−11

8.4 1.498 -1.349 1.535 2.81 · 10−11

9.6 1.477 -1.559 1.847 1.4 · 10−14

Steel switches to the plastic state because ǫS > ǫGr = 1.697. Concrete
remains elastic.

e/R α ǫ αs2 ǫS res
10.08 1.466 -1.726 2.488 2.088 2.8 · 10−13

10.80 1.425 -2.023 2.204 2.648 6.2 · 10−11

12.0 1.317 -3.149 1.746 5.080 1.0 · 10−10

Table 4. Results for the ring section with a single opening

α1 = 0.576(330)

(2) Solutions with satisfactory accuracy were found in most cases en-
countered in engineering practice.

(3) The presented approach can be used for the design and dimensioning
the RC structures having both open and closed ring cross sections.

(4) The obtained equations can be generalized for the section weakened
by arbitrary number of openings located symmetrically in respect to
the bending direction.
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Figure 3. Stresses in concrete σb versus eccentricity ratio e/R
and size of opening 2α1
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Figure 4. Tensile stresses in steel versus eccentricity ratio e/R
and size of opening 2α1

(5) The proposed model has got a very simple form of maximum five
equations. Hence it creates a useful tool for practical design of the
tower-like RC structures.
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(6) The obtained formulas combined with the optimization methods are
more suitable for the parametric study of such structure behavior
than a sophisticated finite element package. The solution time is
measured in seconds and therefore is negligible.
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