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1. Introduction

The study of set differential equations(SDE)[1] is useful as it encompasses the
study of scalar differential equations and vector differential equations as special cases
and further this study is done in a semilinear metric space. The monotone itera-
tive technique (MIT) [2] is a flexible mechanism to obtain monotone sequence that

converge to the extremal solutions of the considered problem.

The study of periodic boundary value problems(PBVP) is complicated and more
so in the case of SDEs, where the constraints are many. Hence the construction
of MIT for PBVP for set differential equations has not been done till now. In [3]
MIT for PBVP was developed using monotone sequences, which are solutions of
the initial value problem [IVPs] of linear differential equations. These solutions are
unique and hence the monotone sequences obtained are unique and they converge to a
unique function which is shown to be a solution of the considered PBVP. The special
advantage obtained with this approach is that working with IVPs of linear differential
equations is easy and the uniqueness of the solution of the PBVP is guaranteed with

no extra assumptions or effort.

In this paper, using the approach utilized in [3] we develop the MIT for PBVP
for SDEs.

2. Preliminaries

We begin with the definition of K. (R"), the semilinear metric space in which we
work.We next define the Hausdorff metric and Hukuhara difference and proceed to

define the Hukuhara derivative and Hukuhara integral. Further we also state some
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important properties that are useful tools in our paper. We also define a partial order
in K. (R"), see [1]
Let K.(R™) denote the collection of all nonempty, compact and convex subsets
of R™. We define the Hausdorff metric by
DI[A, B] = max |supd(z, A),supd(y, B) |, (2.1)
zeB yeA

where d(z, A) = inf[d(z,y) : y € A], A and B are bounded sets in R”. We note that

K. (R™) with this metric is a complete metric space.

It is known that if the space K.(R™) is equipped with the natural algebraic op-
erations of addition and non-negative scalar multiplication, then K.(R™) becomes a
semilinear metric space which can be embedded as a complete cone into a correspond-

ing Banach space. The Hausdorff metric (2.1) satisfies the following properties:

D[A+C, B+ C] = D|A, B] and D[A, B] = D[B, A, (2.2)
D[\, \B] = AD[A, B], (2.3)
D[A, B] < D[A, C] + D[C, B], (2.4)

for all A, B,C € K.(R") and X € R,.

Let A, B € K.(R™). The set C' € K. (R") satisfying A = B 4 C is known as the
Hukuhara difference of the sets A and B and is denoted by the symbol A — B. We
say that the mapping F': I — K.(R™) has a Hukuhara derivative Dy F'(to) at a point

to €1, if
lim F(to+h) — F(to) and lim F(to) — F(to — h)
h—0+ h—0+ h,
exist in the topology of K .(R") and are equal to Dy F'(ty). Here I is any interval in

R.

With these preliminaries, we consider the set differential equation
DyU = F(t, U), U(to) =0, € KC(Rn), to > 0, (25)

where F' € C[R; x K.(R"), K.(R")]. The mapping U € C'[J, K.(R")], J = [to, to +a]
is said to be a solution of (2.5) on J if it satisfies (2.5) on J. Since U(t) is continuously

differentiable, we have
t
U(t) = Uo —|—/ DHU(S)dS, teJ (26)
to
Hence, we can associate with the IVP (2.5) the Hukuhara integral

U(t) =Uy + /tF(s, U(s))ds, teJ. (2.7)

to

where the integral is the Hukuhara integral which is defined as,

/F(s)ds = {/ f(s)ds : f is any continuous selector of F}
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Observe also that U(t) is a solution of (2.5) on J iff it satisfies (2.7) on J.
We now proceed to define a partial order in the metric space (K.(R"), D). We

begin with the definition of a cone in this set up.

Let K(K°) be the subfamily of K.(R") consisting of set U € K.(R") such that

any u € U is a non-negative (positive) vector of n components satisfying u; > 0
(u; > 0) for i = 1,...,n. Then K is a cone in K.(R") and K is the nonempty

interior of K.

Definition 2.1. For any U and V' € K.(R"), if there exists Z € K.(R") such that
7Z € K(K°) and U = V + Z then we say that U > V (U > V). Similarly we can
define U <V (U < V).

We state the following results from [1] to develop the MIT for the considered

problem

Theorem 2.2. Assume that

(a) Let VW € CYRy, K.(R")], F € C[R, x K.(R"), K.(R")], F(t, X) is monotone
nondecreasing in X for each t € Ry and DgV < F(t,V), DgW > F(t,W),
te Ry,

(b) forany X,Y € K.(R™) such that X >Y,t€ Ry, F(t,X) < F(t,Y)+L(X-Y)
for some L > 0. Then V(ty) < W(ty) implies V(t) < W(t), t > 1.

Corollary 2.3. Let VW € C'R.,K.(R")], 0 € C[Ry,K.(R")]. Suppose that
DyV < o, DyW > o, fort > ty. Then V(t) < W (t), t > tg, provided V(ty) <
W (to).

Theorem 2.4. If{U,(t)} is a sequence of equicontinuous and equibounded multimap-
pings defined on an interval J, we can extract a subsequence that converges uniformly

to a continuous multimapping U(t) on J.

3. Monotone iterative technique

In this section, we develop MIT to obtain a solution for the PBVP for SDE given
by
DyU =F(t,U)+G(t,U), U0)=U(T), (3.1)
where F,G € C[J x K.(R"), K.(R™)] and J = [0,T].
We need the following definition which gives several possible notions of lower and

upper solutions relative to (3.1).

Definition 3.1. Let VW € C[J, K.(R")]. Then V,W are said to be
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(a) natural lower and upper solutions of (3.1) if

DyV < F(t,V)+G(t V), V() <V(T

DuW > F(t, W)+ G(t, W), W(0) > W(T), teJ;

(3.2)

(b) coupled lower and upper solutions of Type I of (3. )

DuW > F(t, W)+ Gt V), W(0)> W teJ,
(c) coupled lower and upper solutions of Type II of (3. 1) if

DyV < F@t,W)+G(t, V), V(0)<V(T

DyV < F#,V)+GEtW), V(0)<V(T }
DyW > F(tV)+Gt,W), W(0)>W(T), teJ}

(d) coupled lower and upper solutions of Type III of (3.1) if

(3.5)

DyV < FtW)+GEW), V(0)<V(T),
DyW > F(tV)+GE,V), W(O)>W(T), telJ

We observe that whenever we have V' (t) < W(t), t € J, if F(t, X) is nondecreas-
ing in X for each t € J and G(¢,Y) is nonincreasing in Y for each ¢ € J, the lower
and upper solutions defined by (3.2) and (3.5) reduce to (3.4) and consequently, it is
sufficient to investigate the cases (3.3) and (3.4).

We now proceed to use the notions developed above and develop the monotone
iterative technique for the periodic boundary value problem. In this paper we use
sequence of iterates which are solutions of IVPs for linear set differential equations.
Since the solution of the linear SDE is unique, the sequence of iterates is a unique
sequence converging to an extremal solution of the PBVP. In this approach, we do
not need to prove the existence of the solutions of the PBVP for SDE, as it follows

from the construction of the monotone sequences.

Theorem 3.2. Assume that

(Ay) V,W € CYJ, K.(R")] are coupled lower and upper solutions of Type I relative
0 (3.1) with V(t) <W(t), t € J;

(A2) F,G € C[J x K.(R™),R"], F(t, X) is nondecreasing in X for each t € J and
G(t,Y) is nonincreasing in Y for each t € J;

(A3) F and G map bounded sets into bounded sets in K.(R™).

Then there exist monotone sequences {V,,}, {W,} in K.(R™) such that V,, — p,
W, — R in K.(R™) where (p, R) are the coupled minimal and mazximal solutions of
(3.1), that is, they satisfy

Dup=F(t,p) +G(t, R), p(0)=p(T),

DuR = F(t,R) +G(t,p), R(0)=R(T).
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Proof. For each n > 0,
DV = F(t,V,) + G(t,W,), Vay1(0) = Vo (T), (3.6)
DyWy = F(t,W,) + G(t,V,,), Wyi1(0) = W, (T), (3.7)
where V(0) < U(0) < W(0). Weset Vo =V, Wy =W.
Our aim is to prove
W< SV, W, < S < W, teld (3.8)

Since V, is the coupled lower solution of Type I of (3.1), we have, using the fact
Vo < Wy and the nondecreasing character of F,

DuVo < F(t, Vo) + G(t, Wy).
Also from (3.6) we get for n = 0,

DyVi = F(t, Vo) + G(t, Wy), (3.9)

Vi(0) = Wo(T). (3.10)

Clearly equations (3.9), (3.10) have a unique solution denoted by Vi(t), t € J Con-
sequently following the proof of Theorem 2.2, we arrive at V5 < V; on J. A similar
argument shows that W; < W, on J. For the purpose of showing V; < W, consider
(3.9), (3.10) along with

DyW, = F(t,W,) + G(t, Vp), (3.11)
W1(0) = Wo(T). (3.12)
Then the monotone nature of ' and G yield
DyVi < F(t,Wy) + G(t,Wy), DgWi = F(t,Wy) +G(t, W), tel
and also W1(0) > V4(0). By Corollary 2.3, we get V; < Wj on J. Thus,

Vo < Vi < Wy < W, on J. (3.13)

Assume that for j > 1,
Viea <V, <W; <W;_q, on J. (3.14)

Then we will show that
Vi <Vipr < Wiy < W, on J. (3.15)

To do this consider,
DyV; = F(t,V;_ 1) + G(t, W;_1),

(3.16)

Vi(0) = V;(T), (3.17)
DyVi = F(t, VJ) +G(t W), (3.18)
Vita(0) = V;(T). (3.19)
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The relations (3.14), (3.17) and (3.19) yield V;(0) < V;441(0). Further,
DuWia1 > F(t, V) + G, W;) > F(t,V,_)) + G(t,W,_,) teJ.

Here we employed (3.14), and the monotone nature of F' and G. Applying Corollary
2.3, we get V; < Vj4; on J. Similarly we get W11 < W; on J. Next we show that
Vigr < Wigq, t € J. We have from (3.6), (3.7)

DpVip = F@, Vi) + Gt W;),  Vin(0) = Vi(T), (3.20)
DuWjer = F(LW,) + Gt Vi), Wyia(0) = Wy(T). (3.21)
Using (3.14) and monotone character of F' and G, we arrive at
DyVip < F(t,W;) +G(t,W;), (3.22)
DygW; > F(t,W;) + G(t, ;). (3.23)

Also V;41(0) = V;(T') < W;(T) = W;41(0), and therefore Corollary 2.3 yields that
Vigr < Wi, t € J. Hence (3.15) follows and consequently, by induction (3.15) is
valid for all n. Clearly the sequences {V,},{W,} are uniformly bounded on J. To

show that these sequences are equicontinuous, consider for any s > t, where t, s € J,
DIV, Vol = DU+ [ (FIEVaa(€) + Gl Wa (),
ot [ (PUEVa(€) + GIE Wa ()]

_p / C(F(E Vo r(6)) + G, Wa 1 (),

| Vi) + Gl Wae)i]

< / DIF(E. Vi1 (6)) + G(E Wo 1 (€)))dE. 01dE < M]t — s|.

Here we utilized the properties of integral and the metric D, together with the fact
F + G are bounded since {V,.}, {W,} are uniformly bounded. Hence {V,(t)} is
equicontinuous on J. The corresponding Ascoli’s theorem, Theorem 2.4, gives a
subsequence {V}, } which converges uniformly to p(t) € K.(R"), t € J, and since
{V,.(t)} is nondecreasing sequence, the entire sequence {V,,(¢)} converges uniformly
to p(t) on J.

Similar arguments apply to the sequence {W, (¢)} and we obtain W, (t) — R(t)
uniformly on J. It therefore follows, using the integral representation of (3.6), (3.7)
that p(t), R(t) satisfy

Dup(t) = F(t, p(t)) + G(t, B(t)),  p(0) = p(T);

DuR(t) = F(t, R(t)) + G(t, p(t)), R(0) = R(T).
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and that

Next we claim that (p, R) are coupled minimal and maximal solutions of (3.1), that
is U(t) is any solution of (3.1) such that

Vo <U< W, tel (3.24)
then
Vo<p<U<ZSR<W, telJ (3.25)
Suppose that for some n,
Vo, <U < W, on J. (3.26)

Then we have using the monotone nature of F'; G and (3.1)
DyU =F(t,U)+ G(t,U) > F(t,V,,) + G(t,W,,), U(0) =U(T).

DHVn—l—l = F(tu Vn) _'_ G(t7 Wn)7 Vn+1(0) = Vn(T)

Corollary 2.3 yields, V,,.1 < U on J. Similarly W, > U on J. Hence by induction
(3.26) is true for all n > 1. Now taking the limit as n — oo, we get (3.25), proving

the claim. The proof is therefore complete. O

Corollary 3.3. If, in addition to the assumptions of Theorem 3.2, F and G satisfy,
whenever X >Y, XY € K. (R"),

F(t,X) < F(t,Y) + N(X — V)
and
where N1, No > 0. Then p= R = U is the unique solution of (3.1) .

Proof. Since p < R, we have R = p+m or m = R — p. Now
< F(t,p) + Ni(m) + G(t, R) + Na(m)
= DHp + (Nl + Ng)m
which means
DHm < (Nl + N2)m, m(O) =0
which by Theorem 2 leads to R < p on J, proving the uniqueness of p = R = U,
completing the proof. O

Remark 3.4. (1) In Theorem 3.2, if G(¢,Y) = 0, then we get a result when F' is
non decreasing.
(2) If F(t,X) = 0 in Theorem 3.2, then we obtain the results for G non increasing.
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It can be observed that the iterative scheme used in Theorem 3.2 is in tune with
the assumed hypothesis of the existence of lower and upper solutions of Type I. The
idea of using iterative scheme parallel to the lower and upper solutions of Type II
was introduced in [4] and continued in the works of [3,5,6] for developing monotone
iterative technique for different problems. In Theorem 3.2 we have used standard
iterates while in the following theorem we propose to use iterates corresponding to
lower and upper solutions of Type II, with the hypothesis that lower and upper
solutions of Type I exist. This forces us to consider the initial conditions of the

iterates of IVPs in the following theorem in a special way, as used in [7].

Theorem 3.5. Let the hypothesis of Theorem 3.2 hold and U(t) be any solution of
SDE (3.1) with Vo < U < Wy on J. Then the iterative scheme given by

DyVisr = F(t,W,) + G(t, V), (3.27)
Vi1 (0) = Wo(T). (3.28)

and
DuWpi(t) = F(t,V,) + G(t, W), (3.29)
Wist (0) = Vi (T). (3.30)

yield alternating sequences {Va,, Wapn 11} converging to p and {Way,, Vap41} converging

to R uniformly on J such that the relation
Vo<W <o < Vo S Wappy SU < Vg S W, <--- <V < W (3.31)

holds on J. Further p and R are coupled minimal and maximal solutions of Type II
for the SDE (3.1) satisfying p < U < R on J.

Proof. Clearly the IVPs (3.27), (3.28), (3.29) and (3.30) have unique solutions for
each n = 0,1,2,... denoted by V,,11(t) and W,,,1(t) respectively. Setting n = 0 in
the iterative scheme we obtain that V; and W; are solutions of the IVPs for SDEs
given by

DyVy = F(t, Wy) + G(t, V), (3.32)
Vi(0) = Wo(T), (3.33)
and
DyWi(t) = F(t, Vo) + G(t, W), (3.34)
Wi(0) = Vo(T). (3.35)

Also since V) and W, are lower and upper solutions of Type I, we have
DpVo(t) < F(t, Vo) + G(t, Wo), (3.36)
Vo(0) < Vo(T), (3.37)
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and

Wo(0) > Wo(T). (3.39)
Further,

Wo(0) > Wo(T) = Vi(0). (3.40)

On applying Corollary 2.3 to the relations (3.32), (3.38), (3.40) we arrive at

Vi <WponJ (3.41)
The relations (3.35) and (3.37) yield that

Vo(0) < W1(0). (3.42)
Again using Corollary 2.3 on the relations (3.34), (3.36) and (3.42) we get

Vo < Wi on J (3.43)

We claim that W; < U < Vj on J and the proof is as follows. Since U is a solution
of the SDE (3.1),

DyU =F(t,U) + G(t,U), (3.44)
U(0) =U(T), (3.45)
and from hypothesis V) < U < W, on J. Since F' and G are monotone,
DyU > F(t,Wy) + G(t, V), (3.46)
Also,
U(0) = U(T) < Wo(T) = VA(0). (3.47)

The relations (3.32), (3.46) and (3.47), on applying Corollary 2.3, give U < V} on J.
Similarly, we can show that W7, < U on J. Thus, Vo, <W; <U <V; <WyonJ. We
now proceed to prove that Vo < W, < Vo < W3 < Uand U < V3 < Wy, < V) < W,
on J. To do this, set n =1 in (3.27), then

Using the monotone nature of F' and G in (3.48) gives

and
Vo(0) = Wi(T) > Vo(T') = W1(0). (3.50)
Now the relations (3.34), (3.49) and (3.50) together with Corollary 2.3 yield W; < V4

on J. Working in a similar fashion we arrive at

DuWs < F(t, Vo) + G(t, Wo), (3.51)
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and
W,(0) = V4(0). (3.52)

Applying Corollary 2.3 to the relations (3.32), (3.51) and (3.52) leads to Wy < V; on
J. To prove Vo < W3, set n =1 in (3.27), (3.28) and n = 2 in (3.29), (3.30) then

iDuVa = F(t,W1) + G(t,14),
Va(0) = WA(T).
and
DyWs = F(t,Vs) + G(t, Wa),
W5(0) = Vo(T).
Since W7 < V5 and Wy < Vi on J, using the monotone nature of F' and G gives
DpWy > F(t, W) + G(t, V1),
and using the fact that
Wi(0) = Va(T) > WA(T) = V(0)

we conclude, by Corollary 2.3, that Vo < W3 on Jr. Working as earlier, it can be
easily shown that W3 < U < V3 on J. Now assume that the relation (3.31) holds for

some integer n = k such that
Waok—1 < Vo, < Wopg1 S U < Vi < Wy < Vg (3.53)
To apply mathematical induction we need to prove that
Wokt1 < Vopyo < Wopgs S U < Vapys < Wopgp < Vg on J. (3.54)
For this, set n = 2k 4+ 1 in (3.27), (3.28) and n = 2k in (3.29), (3.30). Then,
Dy Vaogro = F(t, Wopg1) + G(t, Vagy1),  Varga(0) = Wyt (T) (3.55)

and
DyWopi1 = F(t, Vag) + G(t, Wag), Wag1(0) = Vor (7). (3.56)
By the monotone nature of F' and G and since Vo, < Woriq, Vo1 < Wor we get,
DpVagia 2> F(t, Vo) + G(t, Way), (3.57)
and
Var42(0) = Wap 1 (T)) > Vor(T') = War41(0). (3.58)

From the relations (3.56), (3.57) and (3.58), on applying Corollary 2.3, we obtain
Vo < Wopyq on J. Similarly, Vorio < Worys, Wopyo < Vorpy and Vopiz < Woppp all
hold on J.
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To show that Voo < U. The fact that U is a solution of (3.1) and from (3.53),

using the monotone character of F' and G, we arrive at,
DyU = F(t, Wors1) + G(t, Vags1)
U0) =U(T) = Waiy1(T) = Var12(0).

Applying Corollary 2.3, to the above relations along with relation (3.55) gives Vog1o <
U on J. Working as in the above case, we can show that U < Wo o, Wori3 < U,
U < Vogpig and Voo < U on J. Thus we are in a position to apply mathematical
induction and claim that the relation (3.31) holds. Working as in Theorem 3.2, we
can show that the sequences {Va,}, {Vani1}, {Wan}, {Wani1} are equicontinuous and
uniformly bounded. Thus from Theorem 2.4, which is the Arzela-Ascoli theorem for
sequences of set functions, and the monotone nature of the sequences, we conclude

that they are uniformly convergent and that V5, — p, Ws,11 — p and W5, — R and
Vont1 — R asn — oo.

The proof is complete if we show that p and R are coupled minimal and maximal
solutions of the SDE (3.1). This follows by considering the corresponding Hukuhara
integral and using the properties of uniform continuity of F' and G' and uniform
convergence of the sequences {Va,}, {Wa,i1}, and {Va, 11}, {Wa,}. As the details

are routine, we omit them and the proof of the theorem is complete. O

Remark 3.6. A close analysis of the above two theorems suggests that if we propose
to develop the MIT for the PBVP of set differential equations using coupled lower
and upper solutions of Type II, then we can do so by considering two different types
of iterates of the linear IVPs used in Theorem 3.2 and Theorem 3.5.

It can be observed that if we use the iterates in Theorem 3.2, in association with
coupled lower and upper solutions of Type II then the initial values must be of the
type V,1+1(0) = Vo, (T') and W,,11(0) = W,,(T'). But if use the iterates in Theorem 3.5,
along with the coupled lower and upper solutions of Type II, we need to take the
initial conditions as V},11(0) = W,(T") and W,,11(0) = V,,(T"). With this observation
we state the following two results and omit the proof as they are very similar to the

earlier theorems.

Theorem 3.7. Assume that hypotheses (A2) and (AS3) of Theorem 3.2 hold and
Vo, Wo are coupled lower and upper solutions of Type II with Vo(t) < W (t). Further,

for every n > 1, let the iterates be given by
DyVy = F(t,V,) + G(t, W,),
Var1(0) = Va(T),
DyWy,i1 = F(t,W,) +G(t,V,),
Wit1(0) = W (T).
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Then there ezist monotone sequences {V,} and {W,} such that Vo <V} < ... <V, <
W, <.-- < Wy < Wy on J, which converge uniformly to p and R respectively, where

p and R are coupled minimal and maximal solutions of SDE (3.1).

Theorem 3.8. Assume that the assumptions (A2) and (A3) of Theorem 3.2 hold.
Further, let Vo, Wy be coupled lower and upper solutions of Type II for the SDE
(3.1) such that Vo(t) < Wy(t) for t € J. Then for any solution U of SDE (3.1)
with Vo(t) < U(t) < Wo(t), t € J, there exist alternating sequences {Va, }, {Wani1},
{Vons1}, {Wan} satisfying Vo < Wi <o < Wappy KU < Vg < -+ < V3 < W on
J, for everyn > 1, where Vo, — p, Wopi1 — p and Wy, — R, and Wy, .1 — R. The

iterative schemes are given by the relations (3.7) and (3.8).
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