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1. INTRODUCTION AND PRELIMINARIES

1.1. THE HYERS-ULAM STABILITY

In 1940, S.M. Ulam gave a wide range of talks at the Mathematics Club of the

University of Wisconsin, in which discussed a number of important unsolved problems.

He [34] posed the following question concerning the stability of group homomorphisms

before a Mathematical Colloquium: When can we assert that the solutions of an

inequality are close to one of the exact solutions of the corresponding equation?
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Within the next two years, Hyers [14] brilliantly gave a partial answer to this

question for the case when and are assumed to be Banach spaces by using direct

method. For further details and discussions, the reader is referred to the book by

Jung [19].

To the best of our knowledge, the first one who pay attention to the stability of

differential equations is M. Ob loza [29, 30]. Thereafter, C. Alsina and R. Ger [1]

proved that the stability holds true for differential equation y′(x) = y(x). Then, a

generalized result was given by S.-E. Takahasi, T. Miura and S. Miyajima [33], in

which they investigated the stability of the Banach space valued linear differential

equation of first order (see also [26, 28]). A more general result on the linear differ-

ential equations of first order of the form y′(t) + α(t)y(t) + β(t) = 0 was given by

S.-M. Jung [17] and the stability of linear differential equations of second order was

established by Y. Li et al. (see [22, 24, 11, 21]).

In the near past many research papers have been published about the Ulam-Hyers

stability of functional, differential and difference equations. The main tool used by the

authors for obtaining stability results was the direct method. Recently Rus developed

a unified approach based on Gronwall type inequalities and Picard operators. This

approach can be applied to a wide range of problems.

Definition 1.1. Let (X, d) be a metric space and T : X → X be an operator.

The fixed point equation Tx = x is said to be Ulam-Hyers stable if there exists a

real number CT > 0 such that: for each real number ε > 0 and each solution y∗

of the equation d(y, Ty) < ε, there exists a solution x∗ of the Tx = x such that

d(y∗, x∗) < CT · ε.

1.2. TIME SCALE ANALYSIS

Stefan Hilger in his doctoral dissertation, that resulted in his seminal paper [13] in

1990, initiated the study of time scales in order to unify continuous and discrete

analysis. In recent years, the theory of dynamic equations on time scales, which

provides powerful new tools for exploring connections between the traditionally sep-

arated fields, has been developing rapidly and has received much attention. We refer

the reader to the book by Bohner and Peterson [5] and to the papers cited therein.

The time scales calculus has a tremendous potential for applications in mathematical

models of real processes, for instance, in biotechnology, chemical technology, eco-

nomic, neural networks, physics, social sciences and so on, see the monographs of

Aulbach and Hilger [4], Bohner and Perterson [5] and the references therein.

For convenience, we will provide without proof several foundational definitions
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and results from the calculus on time scales so that the paper is self-contained.

Let T be a nonempty closed subset (time scale) of R. The forward and backward

jump operators σ, ρ : T → T and the graininess µ : T → R
+ are defined, respectively,

by

σ(t) = inf{s ∈ T : s > t}, ρ(t) = sup{s ∈ T : s < t}, µ(t) = σ(t) − t.

A point t ∈ T is called left-dense if t > inf T and ρ(t) = t, left-scattered if ρ(t) < t,

right-dense if t < supT and σ(t) = t, and right-scattered if σ(t) > t. If T has a

left-scattered maximum m, then T
k = T\{m}; otherwise T

k = T.

Definition 1.2. Fix t ∈ Tk. Let f : T −→ R. The nabla derivative of f at the point

t is defined to be the number f∆(t) (provided it exists), with the property that, for

each ǫ > 0, there is a neighborhood U of t such that

|f(σ(t)) − f(s) − f∇(t)(ρ(t) − s)| ≤ ǫ|ρ(t) − s|,

for all s ∈ U . Define f∇n

(t) to be the nablaa derivative of f∇n−1

(t); i.e., f∇n

(t) =

(f∇n−1

(t))∇.

Definition 1.3. If f is ld-continuous, then there is a function F such that F∇(t) =

f(t). In this case, we define
∫ b

a

f(t)∇t = F (b) − F (a).

The function p is v-regressive if 1 − v(t)p(t) 6= 0 for all t ∈ Tk. Define the v-

regressive class of functions on Tk to be Rv = {p : T → R | p is ld-continuous

and v-regressive}.

We define the set R+
v of all positively v-regressive elements by R+

v = R+
v (T,R) =

{p ∈ Rv | 1 − v(t)p(t) > 0, for all t ∈ T}.

If p ∈ Rv, then we define the nabla exponential function by

êp(t, s) = exp

{∫ t

s

ξ̂v(τ)(p(τ)) ▽ τ

}

for s, t ∈ T, where the v-cylinder transformation

ξh(z) =

{
− log(1−hz)

h
if h 6= 0,

z if h = 0.

Definition 1.4. If p, q ∈ Rv, then we define a circle plus addition by

(p⊕v q)(t) := p(t) + q(t) − p(t)q(t)v(t)

for all t ∈ Tk. For p ∈ Rv, define a circle minus p by

⊖vp := −
p

1 − vp
.
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Theorem 1.5. If p, q ∈ Rv and s, t, r ∈ T then

(1) ê0(t, s) ≡ 1 and êp(t, t) ≡ 1;

(2) êp(σ(t), s) = (1 − v(t)p(t))êp(t, s);

(3) êp(t, s) = 1
êp(s,t)

= ê⊖vp(s, t);

(4) êp(t, s)êp(s, r) = êp(t, r);

(5) (êp(t, s))
▽ = p(t)êp(t, s).

Theorem 1.6. Let f, g be nabla differentiable functions on T. Then

(1) (v1f + v2g)▽ = v1f
▽ + v2g

▽, for any constants v1 and v2;

(2) (fg)▽ = f▽(t)g(t) + f(ρ(t))g▽(t) = f(t)g▽(t) + f▽(t)g(ρ(t));

(3) If f and f▽ are continuous, then (
∫ t

a
f(t, s)▽s)▽ = f(ρ(t), t)+

∫ t

a
f▽(t, s)▽s.

Theorem 1.7. Assume p ∈ Rv and t0 ∈ T . If 1 − v(t)p(t) > 0 for t ∈ T, then

êp(t, t0) > 0 for all t ∈ T.

For more details about calculus on time scales, one can see [4], [5].

2. HYERS-ULAM STABILITY OF CELLULAR NEURAL

NETWORKS WITH TIME-VARYING DELAYS IN LEAKAGE

TERMS ON TIME SCALES

S. András, A.R. Mészáros discussed the Ulam-Hyers stability of dynamic equations on

time scales via Picard operators [3]. D.R. Anderson, B. Gates and D. Heuer studied

the Hyers-Ulam stability of second-order linear dynamic equations on time scales [2].

In the study of dynamic equations on time scales, most often the analysis turns to

that of a related integral equation on time scales.

Cellular neural networks were first introduced by Chua and Yang [7, 8]. They have

been paid much attention in the past decades due to their applications in many fields

such as image processing, pattern recognition and associative memories. In [32, 35]

the phenomenon of stochastic and coherence resonance on Hodgkin-Huxley neuronal

networks was studied with delay. Compared with periodicity, almost-periodicity oc-

curs more frequently and reflects the nature more accurately. Hence, the existence

and stability of almost-periodic solutions of neural networks have been widely inves-

tigated. In 2013, Zhang and Shao [36] discussed the cellular neural network with

time-varying delays in leakage terms.

To the best of our knowledge, up to now, there are very few papers in the literature

on the Hyers-Ulam stability of almost-periodic solutions of cellular neural networks

on time scales. The Hyers-Ulam stability of almost-periodic solutions is important

topics in the study of cellular neural networks on time scales.
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In this paper, we consider a cellular neural network with time-varying delays in

leakage terms on time scale of the following form

x∇i (t) = −ci(t)xi(t− ηi(t)) +
n∑

j=1

aij(t)g̃j(xj(t− τij(t)))

+
n∑

j=1

bij(t)

∫ ∞

0

Kij(u)gj(xj(t− u))∇u+ Ii(t). (2.1)

Where i = 1, 2, · · · , n. t ∈ T. T is an almost-periodic time scale.

Let ci = supt∈T |ci(t)|, ci = inft∈T |ci(t)|, ηi = supt∈T |ηi(t)|, aij = supt∈T |aij(t)|,

bij = supt∈T |bij(t)|, I i = supt∈T |Ii(t)|, i, j = 1, 2, 3, · · · , n, and (−∞, 0]T = {t | t ∈

(−∞, 0]
⋂

T}. The initial condition is

xi(s) = ϕi(s), s ∈ (−∞, 0]T, i = 1, 2, 3, · · · , n,

where ϕi(s) ∈ C1((−∞, 0]T,R).

Throughout this paper, the following conditions are hold:

(H1)Kij : [0,∞)T → R is ld-continuous and |Kij(u)| is ∇-integrable on [0,∞)T,

gj(x), g̃j(x) : R → R, ci(t), ηi(t), τij(t) : T → (0,∞), aij(t), bij(t), Ii(t) : T → R are all

almost-periodic functions, and ci(t) ∈ R
+
v and ci > 0, i, j = 1, 2, 3, · · · , n.

(H2) there exist positive constants Mj , Gj, Rj , such that

|g̃j(x) ≤Mj,

|g̃j(u1) − g̃j(u2)| ≤ Gj|u1 − u2|,

|gj(u1) − gj(u2)| ≤ Rj|u1 − u2|, for any x, u1, u2 ∈ R, j = 1, 2, 3, · · · , n.

(H3) there exists a positive constant r0, such that

max
1≤i≤n

{
Qi

ci
,

(
1 +

ci

ci

)
Qi

}
≤ r0, max

1≤i≤n

{
Ni

ci
,

(
1 +

ci

ci

)
Ni

}
≤ α < 1,

Qi = cir0ηi +
n∑

j=1

aijMj +
n∑

j=1

bij(|gj(0)| +Rjr0)

∫ ∞

0

|Kij(u)|∇u+ I i,

Ni = ciηi +
n∑

j=1

aijGj +
n∑

j=1

bijRj

∫ ∞

0

|Kij(u)| ▽ u.

for i = 1, 2, 3, · · · , n.

Let X = {ϕ = (ϕ1, ϕ2, · · · , ϕn)T | ϕi ∈ C1(T,R) is an almost-periodic function,

i = 1, 2, 3, · · · , n}, then X is a linear space. Define the norm

‖ϕ‖ = sup
t∈T

‖ϕ(t)‖ for ‖ϕ(t)‖ = max
1≤i≤n

{|ϕi(t)|, |ϕ
∇
i (t)|},

then it is easy to prove that (X, ‖ · ‖) is Banach space.
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Definition 2.1. A time scale T is called an almost-periodic time scale if

Π := {τ ∈ R | t± τ ∈ T, for any t ∈ T} 6= {0}

Definition 2.2. Let T be an almost-periodic time scale and E = R or C. A function

f ∈ C(T,En) is called an almost-periodic function if the ε-translation set of f

E{ε, f} = {τ ∈ Π | |f(t+ τ) − f(t)| < ε, for any t ∈ T}

is a relatively dense set in T for all ε > 0; that is, for any given ε > 0, there exists

a constant l(ε) > 0 such that each interval of length l(ε) contains a τ(ε) ∈ E{ε, f}

such that

|f(t+ τ) − f(t)| < ε, for any t ∈ T.

τ is called the ε-translation number of f and l(ε) is called the inclusion length of

E{ε, f}.

In [10], Gao establish sufficient conditions on the existence and uniqueness of

almost-periodic solutions. Next, we present our result on the Hyers-Ulam stability of

(2.1).

Theorem 2.3. Suppose that (H1)− (H3) hold, then (2.1) has Hyers-Ulam stability.

Proof. (1) It is easy to see (2.1) can be rewrote in the form

x
▽
i (t) = −ci(t)xi(t) + ci(t)

∫ t

t−ηi(t)

x
▽
i (u) ▽ u+

n∑

j=1

aij(t)g̃j(xj(t− τij(t)))

+
n∑

j=1

bij(t)

∫ ∞

0

Kij(u)gj(xj(t− u)) ▽ u+ Ii(t).

For any given ϕ = (ϕ1(t), ϕ2(t), · · · , ϕn(t)), we consider the following almost-

periodic system

x
▽
i (t) = −ci(t)xi(t) + ci(t)

∫ t

t−ηi(t)

ϕ
▽
i (u) ▽ u+

n∑

j=1

aij(t)g̃j(ϕj(t− τij(t)))

+
n∑

j=1

bij(t)

∫ ∞

0

Kij(u)gj(ϕj(t− u)) ▽ u+ Ii(t).

From (H1) and Lemma 2.5 in [10], it follows that the linear system x∇i (t) =

−ci(t)xi(t) admits an exponential dichotomy. Thus, by Lemma 2.4 in [10], we see

that (3.1) has a unique almost-periodic solution, which can be expressed as

xϕi
(t) =

∫ t

−∞

ê−ci(t, ρ(s))(ci(s)

∫ s

s−ηi(s)

ϕ∇
i (u)∇u+

n∑

j=1

aij(s)g̃j(ϕj(s− τij(s)))
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+
n∑

j=1

bij(s)

∫ ∞

0

Kij(u)gj(ϕj(s− u))∇u+ Ii(s))∇S, i = 1, 2, · · · .

(2) Define an operator T by T (ϕ)(t) = xϕ(t) for any ϕ ∈ B, where xϕ(t) =

(xϕ1
(t), xϕ2

(t), · · · , xϕn
(t))T . We will show that T (E) ⊆ E.

Fi = ci(s)

∫ s

s−ηi(s)

ϕ∇
i (u)∇u+

n∑

j=1

aij(s)g̃j(ϕj(s− τij(s)))

+
n∑

j=1

bij(s)

∫ ∞

0

Kij(u)gj(ϕj(s− u)) ▽ u+ Ii(s), i = 1, 2, · · · , n.

By (H2), we have

|gj(ϕj(s− u))| − |gj(0)| ≤ |gj(ϕj(s− u)) − gj(0)| ≤ Rj|ϕj(s− u)|.

Follows from (H1) and (H2), we get

|Fi| ≤ cir0ηi +
n∑

j=1

aijMj +
n∑

j=1

bij

∫ ∞

0

|Kij(u)|(Rj|ϕj(s− u)| + |gj(0)|)∇u+ I i

≤ cir0ηi +
n∑

j=1

aijMj +
n∑

j=1

bij

∫ ∞

0

|Kij(u)|(Rjr0 + |gj(0)|) ▽ u+ I i

≤ cir0ηi +
n∑

j=1

aijMj +
n∑

j=1

bij|(Rjr0 + |gj(0)|)

∫ ∞

0

|Kij(u)| ▽ u+ I i = Qi.

Thus, for i = 1, 2, · · · , n, we get

|T (ϕ)i(t)| =

∣∣∣∣
∫ t

−∞

ê−ci(t, ρ(s))Fi∇s

∣∣∣∣ ≤
∫ t

−∞

ê−ci(t, ρ(s))|Fi|∇s

≤

∫ t

−∞

ê−ci(t, ρ(s))Qi∇s ≤
Qi

ci
.

On the other hand, for i = 1, 2, · · · , n, we have

|T (ϕ)∇i (t)| =

∣∣∣∣(
∫ t

−∞

ê−ci(t, ρ(s))Fi∇s)
∇
t

∣∣∣∣

=

∣∣∣∣Fi − ci(t)

∫ t

−∞

ê−ci(t, ρ(s))Fi∇s

∣∣∣∣

≤ |Fi| + |ci(t)||T (ϕ)i(t)|

≤ Qi + ci
Qi

ci
=

(
1 +

ci

ci

)
Qi.

In view of (H3), we obtain

‖Tϕ‖ ≤ max
1≤i≤n

{
Qi

ci
,

(
1 +

ci

ci

)}
≤ r0,
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Thus Tϕ ∈ E for any ϕ ∈ E.

(3) Next we will show that T is a contraction.

For any ϕ = (ϕ1(t), ϕ2(t), · · · , ϕn(t))T , ψ = (ψ1(t), ψ2(t), · · · , ψn(t))T ∈ E, we

denote

Ji = ci(s)

∫ s

s−ηi(s)

(ϕ∇
i (u)−ψ∇

i (u))∇u+
n∑

j=1

aij(s)(g̃j(ϕj(s−τij(s)))− g̃j(ψj(s−τij(s))))

+
n∑

j=1

bij(s)

∫ ∞

0

Kij(u)(gj(ϕj(s− u)) − gj(ψj(s− u)))∇u, i = 1, 2, · · · , n.

By (H1) and (H2), we have

|Ji| ≤

(
ciηi +

n∑

j=1

aijGj +
n∑

j=1

bij

∫ ∞

0

|Kij(u)|Rj∇u

)
‖ϕ− ψ‖ = Ni‖ϕ− ψ‖.

Then, for i = 1, 2, · · · , n, we get

|T (ϕ)i(t) − T (ψ)i(t)| =

∣∣∣∣
∫ t

−∞

ê−ci(t, ρ(s))Ji∇s

∣∣∣∣ ≤
∫ t

−∞

ê−ci(t, ρ(s))|Ji|∇s

∫ t

−∞

ê−ci(t, ρ(s))Ni∇s‖ϕ− ψ‖ ≤
Ni

ci
‖ϕ− ψ‖.

On the other hand, for i = 1, 2, · · · , n, we have

|(T (ϕ)i − T (ψ)i)
∇(t)| =

∣∣∣∣
(∫ t

−∞

ê−ci(t, (s))Ji∇s

)∇

t

∣∣∣∣

=

∣∣∣∣Ji − ci(t)

∫ t

−∞

ê−ci(t, ρ(s))Ji∇s

∣∣∣∣ ≤ |Ji| + |ci(t)||T (ϕ)i(t) − T (ψ)i(t)|

≤

(
Ni + ci

Ni

ci

)
‖ϕ− ψ‖ =

(
1 +

ci

ci

)
‖ϕ− ψ‖.

so

‖Tϕ− Tψ‖ ≤ max
1≤i≤n

{
Ni

ci
,

(
1 +

ci

ci

)
Ni

}
‖ϕ− ψ‖ ≤ α‖ϕ− ψ‖.

Hence, by (H3), T is a contraction mapping.

(4) Since T is a contraction mapping, by Banach fixed point theorem, T has a

fixed point in E. That is, (2.1) has a unique almost-periodic solution in E.

(5) Finally, we will show that (2.1) has Hyers-Ulam stability.

For any ε > 0, since E is complete linear metric space with the metric d(x, y) =

‖x− y‖, if ‖Tu− u‖ ≤ ε, by Tv∗ = v∗, we have

‖u− v∗‖ = ‖u− Tu+ Tu− Tv∗‖

≤ ‖Tu− u‖ + ‖Tu− Tv∗‖

≤ ε+ α‖u− v∗‖.
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Thus

‖u− v∗‖ ≤
1

(1 − α)
· ε

Hence, (2.1) has Hyers-Ulam stability.
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