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ABSTRACT: In this work, by assuming a speed of adjustment of the rate of

unemployment to be a Gaussian white noise as well as unanticipated changes to

be Markov chain, stochastic mathematical models of inflation-unemployment

processes are outlined. Furthermore, sufficient conditions are given to insure

stability of inflation-employment processes in the quadratic mean as well as in

the sense of almost sure. The presented study sheds a light on the effects of

random structural perturbations in the system. The study also exhibits robust

stability with respect to both deterministic as well as stochastic parameters

of the system. This is achieved by the usage of comparison theorems in the

context energy functions.
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1. INTRODUCTION

In a number of applied problems about the system being studied is limited
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to output information which takes the form of measurements. The stochas-

tic modeling of dynamic systems does not require knowledge about the input

of the system. Only output information which is readily available for these

systems, is required. In this context, the Lyapunov second method and the

theory of differential inequalities have proved to be a useful mathematical

tool. In this work, the deterministic [3, 4, 9, 10, 11] mathematical model for

the inflation-unemployment process and its stochastic version [5, 6, 12] has

been extended to incorporate both internal random structural and external

environmental perturbations in the process. The analysis of the relationship

between unemployment and inflation has gone through several stages of devel-

opment. The first stage was a result of the work of Phillips [11]. This study

was based on the assumption of the existence of a stable negative relationship

between the level of unemployment and the rate of change of wages. A link

between changes in wages and change in price was also assumed. The graph of

this mathematical relationship is called the Simple Phillips Curve. Friedman

and others were skeptical of this model. They argued that what mattered was

real wages, that is, what the wages will buy in goods and services, not the

actual change in wages. In the second stage of development, Friedman [4] and

Phelps [9, 10] introduced a new model which was a negatively sloped curve

like a Phillips Curve which incorporated the effects of anticipated or perceived

rate of inflation. Yeung [12] developed a stochastic model describing the rela-

tionship between inflation and unemployment that incorporates the effects of

inflation expectations and employment adjustment noise.

In Section 2, we briefly describe the deterministic mathematical models

for an inflation-unemployment process. Section 3 deals with the study of

stability analysis of the deterministic inflation-unemployment process in the

framework of Lyapunov’s second method and comparison theorems. In Section

4, the stochastic mathematical model [6, 12] is rearranged. This rearrangement

provides a suitable stochastic system of differential equations. This stability

analysis of such system is discussed in Section 5. In Section 6, the stochastic

model of Section 4 has been generalized to incorporate the internal random

structural perturbations. Its stability analysis is made in Section 7.

The sufficient conditions are given in terms of rate functions and noise

parameters to assure the stochastic stability of the equilibrium state of the

system. The mathematical conditions are algebraically simple and easy to
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verify.

In Section 7, several remarks are made describing the additional assump-

tions necessary to insure the q-th mean stability of the trivial solution of the

system in the context of the convergence theorems. Similar remarks concern-

ing almost-sure asymptotic stability are made in Section 5. Both Sections 4

and 5 also contain a remark that analyzes the effects of the random pertur-

bations such as regime changes [1] of the system on convergence and stability.

The presented results extend and generalize the earlier work of [7, 2, 8].

2. DETERMINISTIC MATHEMATICAL MODELS

A mathematical model for inflation-unemployment processes without random

structural and environmental perturbations is outlined. The development of

the mathematical model begins with the basic relationship between inflation

and unemployment. This relationship is described by Phillips [11] and Fried-

man [3]. This relationship is referred to as an expectation-augmented Phillips

curve,

p = A− g − β lnU + hπ (2.1)

where p is the actual inflation rate; g is the rate of increase in productivity;

U is the rate of unemployment; π is the expected rate of inflation, and A, β

and h are positive parameters with h ≤ 1.

Clearly from (2.1) as the rate of unemployment approaches zero, the actual

rate of inflation becomes extremely large and as the rate of unemployment

increases the actual rate of inflation will decline.

The changes in the expected rate of inflation are assumed to be governed

by the following differential equation

π′ = ϕ11(p− π), ϕ11 > 0, (2.2)

where ϕ11 is the speed of adjustment of the expected rate of inflation. From

(2.2), we note that when the actual inflation rate exceeds the expected inflation

rate, the expected rate of inflation will increase over time and vice-versa.

The level of employment is assumed to be free from randomly varying

monetary policy. This is modeled by the following deterministic differential
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equation which characterizes the behavior of the rate of employment

U ′ = −ϕ22 (m− p− g)U, (2.3)

where m is the rate of growth of nominal money balances, ϕ22 is a positive

parameter that describes the speed of adjustment of the rate of unemployment.

The rate of growth of real money balances is defined to be the difference

between the rate of nominal money balances and the actual rate of inflation,

that is, (m− p). Therefore from (2.3), it is clear that when the rate of growth

of real money balances exceeds the rate of increase in productivity, the rate

of unemployment decreases and vice-versa.

From (2.1), (2.2) and (2.3), we obtain the following differential equation:

p′ = (−βϕ22 + hϕ11) p− hϕ11π + βϕ22 (m− g) . (2.4)

Differential equations (2.2) and (2.4) form the following deterministic sys-

tem of differential equations:






π′ = ϕ11 (p− π)

p′ = (−βϕ22 + hϕ11) p− hϕ11π + βϕ22 (m− g) .
(2.5)

The equilibrium state of (2.5) is determined by the following system of

algebraic equations:






ϕ11 (p− π) = 0

(−βϕ22 + hϕ11) p− hϕ11π + βϕ22 (m− g) = 0,
(2.6)

and its solution is denoted by (p∗, π∗). Moreover, in this case, p∗ = π∗ =

(m − g). By setting x = [x1, x2]
T , where x1 = π − π∗, x2 = p − p∗, system

(2.5) can be rewritten as follows:






x′1 = ϕ11 (x2 − x1)

x′2 = (−βϕ22 + hϕ11)x2 − hϕ11x1.
(2.7)

Hence

x′ = Ax, x (t0) = x0 (2.8)

where,
[

−a11 a12

a21 −a22

]

(2.9)
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and

a11 = a12 = ϕ11, a21 = −hϕ11, and a22 = βϕ22 − hϕ11.

3. STABILITY ANALYSIS OF THE DETERMINISTIC MODEL

In order to undertake the study of stability analysis of the deterministic math-

ematical model of the inflation-unemployment process developed in Section 2,

we choose a Lyapunov-like function V defined by

V (x) = d1 |x1|+ d2 |x2| , (3.1)

and compute the derivative of V along system (2.8), and we obtain

D+
(2.8)V (x) ≤ d1 [−a11 |x1|+ |a12| |x2|] + d2 [−a22 |x2|+ |a21| |x1|] .

This together with some elementary algebraic rearrangements and simplifica-

tions, one obtains

D+
(2.8)V (x) ≤ µ(A)V (x), (3.2)

where µ(A) is a logarithmic norm [7] of the coefficient matrix A in (2.8) defined

by

µ(A) = max
1≤j≤2











−ajj + d−1
j

2
∑

i=1
i 6=j

di |aij |











. (3.3)

Theorem 3.1. Assume that the logarithmic norm of matrix A defined in

(3.3) satisfies the following condition

µ(A) ≤ −ν, for some positive number ν. (3.4)

Then the equilibrium state (p∗, π∗) of the deterministic system (2.5) is expo-

nentially stable. Moreover, the estimate on the rate of decay of the solution

process of (2.5) is ν.

Proof. By employing the differential inequalities and the comparison theorem

in [7], we have

V (x(t)) ≤ V (x0) exp [−ν (t− t0) , t ≥ t0
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which can be rewritten as follows:

dm‖x(t)‖ ≤ dM ‖x0‖ exp [−ν (t− t0) , t ≥ t0, (3.5)

where dm and dM of {d1, d2}, respectively, and ‖x‖ = |x1|+ |x2|. It is obvious

that the exponential stability of (p∗, π∗) follows from (3.5) in the context of

definitions of x1 and x2. Moreover, it is also clear that the estimate on the rate

of decay of the solution (2.5) is ν. This completes the proof of the theorem.

4. STOCHASTIC MATHEMATICAL MODELS I

In this section, a mathematical model for inflation-unemployment process un-

der environmental stochastic perturbations is presented. The development of

this mathematical model is stemmed from the basic deterministic model de-

scribed in Section 2. It is assumed that ϕ11, the speed of adjustment of the

expected rate of inflation is deterministic while ϕ22, the speed of adjustment

of the expected rate of unemployment is perturbed by a Gaussian white noise.

In light of this, the differential equation relative to the expected rate of infla-

tion, π, remains as in (2.2) and the differential equations (2.3) relative to the

unemployment rate, U , is modified as follows:

U ′ =
(

−ϕ22 + w′(t)
)

(m− p− g)U, (4.1)

where w′(t) is Gaussian white noise with zero mean and covariance (σ(t,m−

p− g))2δ(t− s), δ is the Dirac delta function, and σ is a continuous function

defined on J ×R = [t0, )×R and it satisfies the growth condition:

σ2(t,−y)(β + |y|) ≤ σ2. (4.2)

This assumption reflects that the level of employment is assumed to be ran-

domly affected by monetary policy. This effect is modeled by Gaussian white

noise. Equation (4.1) can be written in Itô–Doob differential form [7] as fol-

lows:

dU = −ϕ22(m− p− g)U dt+ σ(t,m− p− g)(m− p− g)U dz(t), (4.3)

where z(t) is a normalized Wiener process [7].
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Applying Itô’s formula [5, 7] to lnU and utilizing (4.3), we obtain the

following expression:

d lnU =

[

−ϕ22(m− p− g)−
1

2
σ2(t,m− p− g)(m− p− g)2

]

dt

+σ(t,m− p− g)(m− p− g) dz(t).

From the above equation, (2.2), and applying Itô’s formula to p in (2.1),

we obtain the following Itô-type stochastic differential equation:

dp = −βd lnU + hdπ

= −β

[[

−ϕ22(m− p− g)−
1

2
σ2(t,m− p− g)(m− p− g)2

]

dt

σ(t,m− p− g)(m− p− g) dz(t)

]

+ hϕ11(p− π) dt

=

[

(−βϕ22 + hϕ11) p− hϕ11π + βϕ22(m− g)

1

2
βσ2(t,m− p− g)(m− p− g)2

]

dt

− βσ(t,m− p− g)(m− p− g) dz(t).

(4.4)

Differential equations (2.2) and (4.4) form the following system of Itô-type

stochastic differential equations:































dπ = ϕ11(p− π) dt

dp = [(−βϕ22 + hϕ11) p− hϕ11π + βϕ22(m− g)

+1
2 βσ

2(t,m− p− g)(m− p− g)2
]

dt

−βσ(t,m− p− g)(m− p− g) dz(t).

(4.5)

The equilibrium state of (4.5) is determined by the following system of

algebraic equations:































0 = ϕ11(p− π) dt

0 = [(−βϕ22 + hϕ11) p− hϕ11 + βϕ22(m− g)

+1
2 βσ

2(t,m− p− g)(m− p− g)2
]

dt

−βσ(t,m− p− g)(m− p− g) dz(t).

(4.6)
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and its solution is denoted by (p∗, π∗). Moreover, in this case, p∗ = π∗ =

(m − g). By defining x = [x1, x2]
T , where x1 = π − π∗, x2 = p − p∗, system

(4.5) can be rewritten as follows:


















dπ = [−ϕ11x1 + ϕ11x2)] dt

dp =
[

−hϕ11x1 + (−βϕ22 + hϕ11)x
2 + 1

2 βσ
2 (t,−x2)x

2
2

]

dt

+βσ (t,−x2)x2 dz(t),

(4.7)

and hence

dx = [Ax+R(t, x)] dt+Σ(t, x) dz(t), x (t0) = x0 (4.8)

where A is as defined in (2.8); R(t, x) and Σ(t, x) are defined as:

R(t, x) =

[

0,
1

2
βσ2 (t,−x2)x

2
2

]T

and Σ(t, x) = [0, βσ (t,−x2)x2]
T , (4.9)

respectively.

5. STABILITY ANALYSIS OF STOCHASTIC MODEL I

To investigate the stability analysis of the stochastic mathematical model of

inflation-unemployment process in (4.8), we choose the Lyapunov-like function

V defined by

V (x) = d1x
2
1 + d2x

2
2. (5.1)

By using the stochastic Itô-calculus as in [7], LV with respect to system (4.8)

is determined by

L(4.8)V (x) = Vx(x)[Ax+R(t, x)] +
1

2

(

Vzz(x)Σ(t, x)Σ
T (t, x)

)

, (5.2)

which can be estimated as follows:

L(4.8) ≤ d1
[

−2a11x
2
1 + 2 |a12| |x1x2|

]

+ d2
[

−2a22x
2
2 + 2 |a21| |x1x2|+ βx22 (β + |x2|)σ

2 (t,−x2)
]

By using some elementary algebraic rearrangements, simplifications and

an estimate (4.2) on σ, the above inequality can be reduced to

L(4.8) ≤ d1

[

−2a11x
2
1 + |a12| |x1|

2 + |a12| |x2|
2
]

+ d2

[

−2a22x
2
2 + |a21| |x1|

2 + |a21| |x2|
2 + βσ2x22

]

≤ µ(G)V (x),

(5.3)
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where G is defined by

G =

[

−2a11 + |a12| |a12|

|a21| −2a22 + |a21|+ βσ2

]

(5.4)

and µ(G) is the logarithmic norm of matrix G that can be defined similar to

the definition in (3.3).

Theorem 5.1. Assume that the logarithmic norm of matrix G defined in

(3.3) satisfies the following condition

µ(G) ≤ −ν, for some positive number ν. (5.5)

Then the equilibrium state (p∗, π∗) of stochastic system (4.5) is exponentially

mean-square stable. Moreover, the estimate on the rate of decay of the solution

process of (4.5) is ν in the mean-square sense.

Proof. By employing the differential inequalities and comparison theorem in

[7], we have

E[V (x(t))] ≤ [V (x0)] exp [−ν (t− t0) , t ≥ t0

which can be rewritten as follows:

dmE
[

‖x(t)‖2
]

≤ dME
[

‖x0‖
2
]

exp [−ν (t− t0) , t ≥ t0. (5.6)

The proof of the theorem can be completed by following the argument used

in Theorem 3.1.

6. STOCHASTIC MATHEMATICAL MODELS II

Finally, we present a mathematical model for inflation-unemployment pro-

cesses under random structural and environmental perturbations. This inflation-

unemployment stochastic model generalizations mathematical model described

in Sections 2 and 4. The modification incorporates the effects of random struc-

tural changes in the stochastic mathematical model described in Section 4. For

the sake of simplicity, these effects are reflected in the term involving the ex-

pected rate of inflation of the Phillips curve (2.1),

p = A− g − β lnU +H(η(t))π (6.1)
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where H : J → {0, h} is defined by

H(η(t)) =







h if 0 < h ≤ 1

0 if h = 0
(6.2)

where h is a positive parameter as defined in (2.1). H(η(t)) reflects a finite

number of expected rates of inflation incorporated into the Phillips curve.

Here η is a right continuous Markov chain that has two states with the set

of states denoted by S = {1, 2}. State “1” of the Markov chain stands for

the presence of an expected rate of inflation into the Phillips curve and state

“2” represents the absence of the expected rate of inflation in it. This type

of structural change partially justifies the evidence from exchange-rate regime

switching [1]. Under this random structural adjustment of the expected rate

of inflation in the Phillips curve, the stochastic model (4.5) for inflation and

unemployment processes reduces to:


































dπ = ϕ11(p− π)dt

dp = [(−βϕ22 +H(η(t))ϕ11) p−H(η(t))ϕ11π + βϕ22(m− g)

+
1

2
βσ2(t,m− p− g)(m− p− g)2

]

dt

− βσ(t,m− p− g)(m− p− g) dz(t).

(6.3)

By following the argument used in Section 4, the system (6.3) can be rewritten

as:

dx = [A(η(t))x+R(t, x)] dt+Σ(t, x) dz(t), x (t0) = x0 (6.4)

where R(t, x) and Σ(t, x) are defined as in (4.8) and A(η(t)) is defined by

A(η(t)) =

[

−a11 a12

a21(η(t)) −a22(η(t))

]

, (6.5)

and a11 = a12 = ϕ11, a21(η(t)) = −H(η(t))ϕ11, and a22(η(t)) = βϕ22 −

H(η(t))ϕ11.

7. STABILITY ANALYSIS OF STOCHASTIC MODEL II

In order to undertake the study of stability analysis of the inflation-unem-

ployment stochastic model developed in Section 5, we choose a Lyapunov-like
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function V defined by

V (x, η(t)) = d1(η(t))x
2
1 + d2(η(t))x

2
2. (7.1)

Again, by following the argument used in Section 5, LV with respect to

(6.4) is determined by

L(6.4)V (x, t, j) = Vx(x, j)[A(j)x+R(t, x, j)] +
1

2

(

Vxx(x)Σ(t, x, j)Σ
T (t, x, j)

)

+
s

∑

k 6=j

qjkV (x, k)− qjV (x, j), for j = 1, 2, . . . , s.

(7.2)

By following the argument used in Section 5 and [8], an estimate for L(6.4)V (x,

t, j) similar to the estimate in (5.3) can be obtained as

L(6.4)V (x, t, j) ≤d1(j)
[

−2a11(j)x
2
1 + |a12(j)| |x1|

2 + |a12(j)| |x2|
2
]

+ d2(j)
[

−2a22(j)x
2
2 + |a21(j)| |x1|

2 + |a21(j)| |x2|
2 + βσ2(j)x22

]

≤ (µ(G(j))− qj)V (x, j) +
∑

k 6=j

qjkV (x, k),

(7.3)

for j = 1, 2, . . . , s, where G(j) is defined by

G(j) =

[

−2a11(j) + |a12(j)| |a12(j)|

|a21(j)| −2a22(j) + |a21(j)|+ βσ2(j)

]

(7.4)

and µ(G(j)) is the logarithmic norm of matrix G(j) that can be defined as in

(3.3).

Here, the comparison system is

u′ = Gu, u (t0) = u0, (7.5)

where G = (gjk(t))s×s
is a matrix defined by

gjk =

{

µ(G(j))− qj , k = j

qjk, k 6= j.
(7.6)

In the following result we present sufficient conditions, which include the hy-

potheses of the main Comparison Theorem 3.1 in [8], that will insure the

convergence of the solution process of (6.4).
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Theorem 7.1. Assume that the matrix G defined in (7.6) satisfies the fol-

lowing conditions

gjj < 0, for 1 ≤ j ≤ s, (7.7)

and there exists positive numbers bj, 1 ≤ j, k ≤ s, such that

gjj > d−1
j

s
∑

k=1
k 6=j

dk |gkj(t)| , 1 ≤ k ≤ s; (7.8)

Then the solution process of (6.4) is exponentially mean-square stable. More-

over, the estimate on the rate of decay of the solution process of (6.4) is ν in

the mean-square sense.

Proof. The proof of this theorem can be formulated on the basis of presented

results and Comparison Theorem 3.1 in [8]. Here, ν is defined by

ν = min
1≤j≤s















|gjj | − d−1
j

s
∑

k=1
k 6=j

dk |gkj(t)|















. (7.9)

Remark 7.2. In Sections 4 and 5, we recall that x1 stands for the deviation

from expected equilibrium of inflation rate π∗ the expected rate of inflation and

x2 denotes the deviation from the actual inflation rate p∗ = π∗ in the context

of the natural log of the rate of unemployment. Convergence of x = [x1, x2]
T

to the zero vector translates to the expected rate of inflation approaching zero

and the rate of unemployment approaching one.

Remark 7.3. From (7.6) and (7.8) in the context of G in (7.5), it is clear

that the positivity of ν(t) in (7.9) can be assured by the Markovian struc-

tural perturbations. Therefore, one can infer that the convergence results are

generated by the Markovian random structural perturbations.
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