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ABSTRACT: We consider the nonlinear equation

o +g(@) + flx) =0 (t=0),
where the functions f and ¢ satisfy the sign condition and g is sublinear. It is known
that if f(z) = 2 and g(y) = by (Jb| < 2) or f(z) =z and g(y) = |y| signy, 5 > 1,
then the solutions are oscillatory. As a consequence of a more general result, we
prove that if f(r) = 2 and g(y) = |y|’signy, 0 < B < 1, i.e., g is sublinear, then

the solutions are eventually monotonic, and we give estimates for their asymptotic
behavior.

AMS (MOS) Subject Classification. 34D05, 34D20; 34C15

1. INTRODUCTION

In this paper, we consider the nonlinear differential equation
7"+ g(a) + fl@) =0 (t=0), (1)

where f,g are continuously differentiable, uf(u) > 0, f'(u) > 0, ug(u) > 0, and
g'(u) > 0 for all u # 0. We write equation (1) as the system

g o=y (2)
y = —g(y) — f(x).
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It is well known that if f(z) = = and g(y) = by, then the solutions are monotonic or
oscillatory if |b] > 2 or |b] < 2, respectively. If f(z) = z and g(y) = |y|’signy (8 > 1),
then the small solutions are oscillatory. Results for equations with superlinear type
damping terms can be found for example in R. J. Ballieu and K. Peiffer [1], L. Hatvani
3], J. Karsai [4], [5], P. Pucci and J. Serrin [6], C. Qian [7], R. Reissig [8]. Here, we
will show that there are cases (see Figures 1 and 2), which include the case of sublinear
g (Figure 1), where the solutions are eventually monotonic; we will also discuss the

limiting behavior of these trajectories.
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Figure 1. Global and local plot of the trajectories: f(z) =z, g(x) = y'/3.
Note that the function ¢ is said to be sublinear if
lim sup 9() = 0. (3)
y—0 )

To investigate the stability properties of the solutions, we consider the energy function
Vz,y) =y*+ Q/f(s) ds = y* + 2F () (4)
0

along the solutions of system (2). Before presenting our results, we first give some
definitions.

The solution of (2) with initial point (zq,yo) is denoted by (x(¢; (xo,v0)), y(t;
(x0,Y0))). We say that the zero solution of (2) is stable if for every € > 0 there exists
§ > 0 such that |z(0)| + |y(0)] < & implies |z(t)| + |y(t)] < e for all ¢ > 0. The
zero solution is asymptotically stable if it is stable and there exists v > 0 such that
|z(0)| + |y(0)| < 7 implies lim; o [|2(t)| + |y(t)]] = 0. The asymptotic stability is
global if v = oco. We say that the set H is attractive in finite time for system (2) with
respect to the set G, if for every (zo,1) € G there exists a time T(g, ,,) such that
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(z(t; (zo,40)), y(t; (x0,y0))) € H for t > Ty, 4)- This property is local in G if there is
a neighborhood U of H such that the solutions starting in U N G are attracted by H
in finite time.

Along the solutions, the derivative of the energy function is

V'(x,y) = —29(y)y,

which immediately yields that the solutions can be continued to infinity, are bounded,
and the origin is stable. Since the origin is the only equilibrium in the set {(x,y) :
V'(x,y) = 0}, it follows from LaSalle’s invariance principle that the origin is asymp-
totically stable. We note that these properties are well known independently of ad-

ditional restrictions on f and g.

2. MAIN RESULTS

To begin, we roughly localize the trajectories of system (2). Let us denote the
quadrants of the plane by @, = {x > 0, y > 0}, Qs = {x < 0, y > 0}, Qs = {w <
0, y <0}, and Q4 = {z > 0, y < 0}. The following lemma is immediate.

Lemma 1. No nontrivial trajectory can remain in the quadrants Q)1 and Q3 on any

infinite time interval [T, 00).

Hence, only subsets of quadrants ()2 and ()4 can be invariant for system (2), and
if they are invariant, the solutions of equation (1) remaining in either Q)5 or Q)4 are
monotonic. Since ()4 and )y are symmetric, we formulate our statements only for
(4. The corresponding theorems for the solutions that remain in ()2 can be easily
formulated. The + sign in the subscripts indicates the case x > 0, i.e., @4, and
analogously — in the subscripts refers to z < 0, i.e., Q2. It is obvious that if f(x)
and ¢(y) are odd, then the conditions for Q4 and @Q)» are the same.

In the following statements, we will consider the trajectories with sufficiently
small initial values. Because of the attractivity of the zero solution, every trajectory
eventually becomes small.

Before formulating our main result, we first present some lemmas that are of
some interest in their own right. We show that cones of the form —C'f(z) < g(y) <
—cf(x) are invariant and attractive in finite time, and we find a maximal domain of

attractivity.

Lemma 2. Let

= su ( —
M, (e,C) = e S e (5)

9(y)=—Cf(x)

for a given € > 0 and C' > 0.
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1. If My (e,C) <0 for somee > 0 and C > 1, then the region G (e,C) = {(z,y) :
0<zV(z,y) <2F(e),0 < —g(y) < Cf(x)} is invariant for the system (2).

2. If M (e,C) < 0, then G4 (g,C) is locally attractive in finite time with respect
to the right half-plane.

Proof. Clearly, the trajectories go from quadrant @ into Q4. Since V(x,y) is
nonincreasing along the solutions, every set {(x,y) : V(z,y) < 2F(e)} is invariant.
We have only to check the behavior of the vector field (y,—g(y) — f(x)) along the
curve yo = {(z,v) : g(y) = —Cf(z)}. The invariance of such a region will be proved
by showing that the scalar product of the vector field (y, —g(y) — f(z)) with the
normal vector (—C'f’(x)/¢'(y),—1) is nonpositive along v¢o. Now, this product is

f'(z) 2o f'(x) y _
- o L C)) <0 (6)

9') 9(y)
since M, (e,C) < 0.
For the second part, we only have to note that the strict inequality M, (e,¢) <0

gly) + £(z) = f(2) (O

implies that trajectories starting in some neighborhood of G, (¢,C) in {x : z > 0}
enter G4 (g,C) in finite time. O

Remark 1. Observe that for any given C > 1, there ezists e > 0 such that M, (e,C) <
0 if

/
lim sup %% = (7)
g(y)z:izof(l) gy 9y

The same argument can be used to separate the trajectories asymptotically from
the z-axis by a curve g(y) = —cf(z). First, note that the scalar product in (6) is

nonnegative for 0 < C' < 1. Moreover, the following lemma holds.

Lemma 3. For every solution (x(t),y(t)) satisfying —f(x(0)) < ¢g(y(0)) < 0, there
exists a time T such that —f(x(T)) > g(y(T)).

Proof. To the contrary, assume that the statement is false. Since any solution can
cross any curve g(y) = —cf(x), 0 < ¢ < 1, at most once, there exists a solution
(x(t),y(t)) of (2) such that —f(z(t)) < g(y(t)) < 0 for t > 0. Then, from the
equation ¢y’ = —g(y) — f(z), we obtain that y/(¢) < 0 and is strictly less than zero
if g(y(t)) > —f(x(t)). This implies that y(¢) cannot tend to zero, and this is a
contradiction. a

Observe that the scalar product (6) can be positive for C' > 1. Thus, the following

lemma holds.
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Lemma 4. Let

my(e,c) ;= inf flo) y el (8)

z<e / 2
9(1/)0=<—c§f(;c) 9() 9(y) c

for a given € >0 and ¢ > 0.

1. If my(e,c) > 0 for some ¢ > 0, but not identically equal to zero, then G (g, c)
cannot be invariant.

2. If there exists a number ¢y > 1 such that infi<.<., my(g,¢) > 0, then for every
solution (x(t),y(t)) satisfying —c1 f(x(0)) < g(y(0)) < 0, there exists a time T' such
that —c1 f(x(T)) > g(y(T)).

Proof. The first statement is obvious and partly contains the statement of Lemma 3..
Now, assume that (z(t),y(t)) satisfies —c; f(2(t)) < g(y(t)) < 0 for t > 0. It follows
from Lemma 3. that there exists o > 0 such that —c; f(x(t)) < g(y(t)) < —f(x(t))
for t > ty. Let

R0
=1
Since infi<.<., my(e,¢) =6 > 0, we obtain
: gy @) | gly®)f (x(t)2'(#)
I O T
. e PG0) () ,
= ) (1ot + 2O O > 5410

for some positive . On the other hand, from the second equation in (2), we have
/
v (1 B 1) .
l9(y(2))] ¢

sy s 9y kg’(y(t))g’(’t)‘

. (1 - é) l9(y(t))] l9(y(

Integrating this inequality, we obtain

Hence,

9(y(0))
c(t) — ¢(0) > klog
9(y(1))
Since y(t) tends to zero as t — 0o, ¢(t) tends to infinity, contradicting the boundedness
of ¢(t). O

We note that there is no such ¢; > 1 if (7) holds. On the other hand, this lemma
allows us to apply our results to linear equations (see Corollary 6. below).
Now, we can combine the above lemmas to formulate a theorem that localizes the

trajectories for large t.
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Theorem 1. Assume that there exist numbers ¢ > 0 and 1 < ¢ < C such that
my(e,¢) > 0 and M (e,C) < 0. Then the region H(e,c,C) = {(z,y) : 0 <
x,V(z,y) < 2F(e),—Cf(x) < gly) < —cf(x)} is invariant. In addition, if the
inequalities on my and M, are strict, then H,(g,c,C) is locally attractive in finite

time with respect to Q4 for system (2).
Lemma 2. enables us to determine a maximal invariant set in ().
Theorem 2. Assume that the limat

lim sup === < o0 (9)

exists. If My (e,C) < 0 holds for some ¢ > 0 and C > 1, then there exists a unique
solution o, (t) = (Z(t),5(t)) of (2) such that 5, (t) € Q4 fort € [T,c0), T > —o0,
and such that the closed (not necessarily bounded) region I'y bounded by the z-axis

and 7 is the mazimal invariant set in Q4. The solution G (t) is the only solution in

Q4 for which g(y(t)) < —C f(z(t)) for t > 0. Moreover, it satisfies
¢y .
C'—1g(y)

and limy o (z(t),y(t)) = (0,0).

Yy
< —@ (10)

SE

Proof. Let {y,}32, be a sequence of negative numbers that monotonically tends
to zero as n — oo. Let 0 < zp < ¢ be given, and let 0,(t) = (,(t),y.(t)) be
the unique solution for which z,(0) = x¢ and (z,(t,), yn(tn)) = (0,y,). Clearly,
every trajectory crosses the straight line x = xy. The sequence {¢,} tends to infinity
monotonically. It follows from Lemma 2. that lim,, .. ¥,(0) > 0. From the continuous
dependence of solutions on initial conditions, the solutions o,(t) tend to a solution
of (2) pointwise on [0,00) as n — oo, and the convergence is uniform on every
bounded time interval. Now, continue this solution backwards to the first time T
where 3(T) = 0 or to T = —oo. Let & (t) be this extended solution of system (2).
It is obvious from the construction that 7, (¢t) > 0 and ¢, (t) < 0 for t > T, and
limy 00 4 () = limy—y00 ¥4+ (t) = 0. Thus, any solution with an initial point outside of
[’y can remain in @4 only on a finite time interval. On the other hand, I' itself is
invariant.

Let us prove the uniqueness statement. Assume that there is another solution
(x(t),y(t)) for which g(y(t)) < —Cf(z(t)) for t > 0 and lim;,~ (z(t),y(t)) = (0,0).
Consider the auxiliary system

¢ =y (1)
= holey) = { ~g(y) = f(2). 9ly) < ~Cf(x)

—g(y) (1 —3), otherwise.
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Also, consider the equations

doz._ Jy/hc(w,y), x,y#0 (12)
dy 0, z,y=0
if lim,, o~ y/g(y) = 0, and
dx limyﬁo_ g(y)/ya T,y = 07

otherwise. Both equations satisfy the conditions of Peano’s uniqueness theorem (see
Coppel [8]) at every point including the origin, i.e., the right hand sides are non-
increasing functions of their dependent variable for each value of the independent
variable. Consider the case lim,_,o- y/g(y) = 0; the other case is analogous. By the
uniqueness theorem, both (z(t),y(t)) and (Z(t), y(t)) agree with the common unique

solution of the equations (12) and

dx Yy
L AN 14
dy " ~gl) - J0) .
with the initial condition 2(0) = z(0) = 0. Consequently, these trajectories are equal.
The property

__ Yy Ay
C—1g(y) ~dy = 9y
follows immediately from ¢(y(t)) < —Cf(z(t)). O

Theorems 1. and 2. allow us to determine the asymptotics of the trajectories in

I'y. The following theorem holds.

Theorem 3. Assume that there exist numberse > 0 and 1 < C such that M, (e,C) <
0. The set H(g,1,C) is attractive in finite time with respect to Ty \ 74, i.e., every
trajectory in the interior of 'y enters H,(e,1,C) in finite time.

If, in addition, there exists a number 1 < ¢; < C such that infi<.<., m4(e,¢) > 0,
then the above statement also holds for Hy (g, ¢y, C).

For the proof, we only have to note that the attractivity of the origin implies that
every solution (z(t),y(t)) satisfies V' (z(t),y(t)) < 2F(e) for sufficiently large t. From
Lemmas 3. and 4., we see that no trajectory can remain in G (g, ¢) on any [T, 00).
Finally, the last statement of Theorem 2. guarantees that a trajectory is identical to
g if g(y(t)) < —Cf(z(t)) for every sufficiently large t.

The right hand sides of Figures 1 and 2 illustrate the local behavior of the trajec-

tories of (2).

Now, assume that (7) holds. Let C =14+ 1/nandc=1(n=N,N+1,...), and
let the trajectory (z(t),y(t)) € I'y for t > 0 be disjoint from &,. Theorem 3. yields
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that for every sufficiently large n, there exists T}, such that

Fa0) < ~g(00) < (14 ) flat0)

for t > T,,. Hence,

1< hminfM < limsup# (1 + %) )

twoo  f(x(t)) t—o0 x(t))

Since this inequality holds for every n = N, N + 1, ..., we obtain

)

P Faw)

Finally, since (7) implies (5), which in turn implies (10) for arbitrarily large C', we
obtain B y B

limﬁ:lim&: lim ﬁz lim ———

oo y(t)  tmey'(t)  ymomdy  yo0m g(y)

for the curve a(t). We have thus proved the following theorem.

Theorem 4. Assume that condition (7) holds. Then every solution remaining in the

interior of I'y has the property

The solution . (t) satisfies

3. AN APPLICATION: THE CASE OF POWER FUNCTIONS

In this section, we apply our results to the special case f(z) = ax® (a > 0) and
g(y) = by® (b > 0), where u® := |u|sign (u). We recall that 5, (t) denotes the
special “separator” solution in ()4 defined in Theorem 2., and I'; is the closed region
bounded by the z-axis and &, . The analogous notations in (s are ¢_ and I"_.

It is easy to see that condition (7) is satisfied if
2a/(a+1) > > 0. (15)

The following corollary holds.
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Corollary 5. Assume that condition (15) is satisfied. The trajectories o (t) and
a_(t) have the property

(t)

lim =2 = lim y#)",
t—o0 y(t) y~>0y

Every other trajectory has the asymptotic property

—y7 (1)
t=oo 197 (1)

=1.

Remark 2. [t s worthy to note that our results here apply to more general cases than
just sublinear functions (see (3)). For example, the functions f(z) =%, a > 1, and

g(y) =y satisfy (15), and this is not really a sublinear case.
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Figure 2. Global and local plot of trajectories: f(x) = 2%, g(y) = v.
If 2a/(a+ 1) = B, then m(e,¢) > 0 and M (g,¢) <0 hold if
%—1
aa 2
— >(c—1)c? 16
Sz e (16
and
2-1
aa 2
- <(c—1)c"5, 17
S <) (1"
respectively. It is easy to see that the equation
-1
aa 2
——5—=(c—1)c? (18)
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has at most two roots with 1 < C' < C; (17) holds for ¢ € [C,C], and (16) holds
for ¢ ¢ [C,C]. In addition, the condition infi<.<., m4(e,c) > 0 is satisfied for every

1 < ¢ < C. This implies the following corollary.

Corollary 6. Assume that 2a/(a+ 1) = f.
1. If equation (18) has one root (C > 1), then every solution tends to the invariant

curve y?/(e+) = _Cg>,

2. If equation (18) has two roots (1 < C < C), then every solution tends to
the invariant curve y**/@*) = —Ca®, except 6, (t) and &_(t) which are parts of the
curve y?/(e+t) = _Cg>,

In the linear case f(x) = z and g(y) = by, we obtain well known properties of the
solutions, and in some sense this shows the sharpness of our results. In the linear case,
it is also true that if (18) has no roots, then the solutions oscillate on [T, 00). Our
conjecture is that this statement also holds in the general case, i.e., if m,(e,¢) > 0
and m_(e,c) > 0 for every positive ¢, then every nontrivial solution oscillates on
[T, 00), but as yet, the authors have been unable to prove this fact.

As a final remark, we note that the techniques used here can easily be applied to

the equation
o'+ h(t, @, 2)g(2") + f(x) = 0 (19)
if h(t,x,x’) satisfies the inequality

0<ho<h(t,r,2) < h; < oo.
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