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EQUATIONS

Ziqi Sun

Department of Mathematics
Wichita State University

Wichita, KS 67260-0033, USA

ziqi.sun@wichita.edu

Communicated by C.-W. Shu

ABSTRACT: We give a construction of the exponentially growing solutions to the
Schrödinger equation with vector potentials through the integral equation method.

AMS (MOS) Subject Classification. 35R30

1. INTRODUCTION

Let Ω be a bounded domain in Rn, n ≥ 2, with smooth boundary. Consider the

Schrödinger equation with vector potentials defined on Ω:

n
∑

j=1

(
∂

∂xj

+ iAj(x))
2u(x) + (q(x)− k2)u(x) = 0, (1.1)

where x = (x1, x2, ......, xn), i =
√
−1 and k is a positive constant. Physically, the

vector coefficient A = (A1, A2, ......, An) represents the magnetic potential and the

scalar coefficient q represents the electric potential.

For a complex number ξ ∈ Cn with ξ · ξ = k2, the exponentially growing solution

of (1.1) takes the form:

u(x, ξ) = eiξ·x+φ(x, ξ)(1 + ω(x, ξ)), (1.2)

where φ is the phase function given by

φ(x, ξ) = (2π)−n

∫

Ω

e−ix·η ξ · Â(η)
ξ · η dη , (1.3)
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where we denote by ∧ the Fourier transform. The remainder ω in (1.2) tends to zero

uniformly in x as |ξ| tends to ∞.

The exponentially growing solution u in (1.2) plays a critical role in the theory of

inverse boundary value problems for elliptic partial differential equations and systems

developed in the past two decades. When the vector potential A is absent in the

equation (1.1), the construction of such a solution is due to the fundamental work of

Sylvester and Uhlmann [5]. The solution (1.2) when A appears in (1.1) as a general

vector potential was constructed in Sun [6] and Sun [7] under the assumption that the

magnetic field rotA is small in a certain norm. In the general case, the construction

of (1.2) has been studied in Nakamura and Uhlmann [4], which is based on the

technique of pseudodifferential operators. Recently, an integral equation technique

has been developed in Eskin and Ralston [2], Eskin [1] to treat the inverse scattering

problem related to (1.1). The aim of this paper is to show that the integral equation

technique used in Eskin and Ralston [2] can also be used to construct the solution

(1.2) for a general vector potential A. We have the following existence theorem:

Theorem 1. Assume A ∈ Cn+4(Ω̄) and q ∈ Cn+3(Ω̄). Let ξ ∈ Cn with ξ · ξ = k2.

Then, for |ξ| large enough, (1.1) has a solution u in the form of (1.2). Moreover, the

remainder ω satisfies the following estimate:

‖ω(·, ξ)‖W s,∞(Ω) ≤ C|ξ|−1+s, s = 0, 1, 2 (1.4)

with a constant C depending on A, q, Ω, n and k. Here we denote

‖ω‖W s,∞(Ω) = max
|l|≤s

‖Dlω‖L∞(Ω).

Note that this theorem also provides the special solutions needed in the proof of

the global uniqueness result in Nakamura et al [3].

We assume the reader is familiar with the techniques and notations used in Eskin

and Ralston [2]. In Section 2 we shall reduce the equation (1.1) to the equation

considered in Eskin and Ralston [2] and in Section 3, we prove Theorem 1.1.

2. REDUCTION

Let u be a solution to (1.1). We introduce a new function ũ by the relation

u(x, ξ) = eiξ·xũ(x, ξ).

Then ũ satisfies

−△ũ− 2i(ξ + A) · ∇ũ+ (2A · ξ + V )ũ = 0,



Exponentially Growing Solutions 329

where

V = −2i∇ · A+ A2 + q.

Next we write

ũ(x, ξ) = eφ(x,ξ) + ω(x, ξ),

with φ given by (1.3). Then the remainder ω satisfies

−△ω − 2i(ξ + A) · ∇ω + (2A · ξ + V )ω = F, (2.1)

where F is a function of x and ξ given by

F (x, ξ) = eφ(△φ− |∇φ|2 + 2iA · ∇φ− V ).

Using the fact ξ · ξ = k2 one can see that the equation (2.1) can be rewritten in

the following form:

[(−i∇+ ξ)2 − k2 + 2A · (−i∇+ ξ) + V ]ω = F. (2.2)

Let us choose ζ, α ∈ Rn so that ξ = ζ + iα and let

β = α|α|−1, τ = |α|, z = iτ.

If we write

ω(x, ξ) = e−iζ·xν(x, ξ),

then ν satisfies

[(−i∇+ zβ)2 − k2 + 2A · (−i∇+ zβ) + V ]ν = f (2.3)

with

f(x, ξ) = eiζ·xF (x, ξ).

We shall solve the equation (1.1) by solving the equation (2.3). Notice that the

equation (2.3) takes exactly the same form of the equation which has been studied

in Eskin and Ralston [2]. We shall show that, under our assumption, this equation

admits a solution with estimate (1.4).
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3. CONSTRUCTION OF THE SOLUTION

We first study the equation (2.3) with A = 0 and V = 0:

[(−i∇+ zβ)2 − k2]ν = f. (3.1)

Let χ ∈ C∞
0 (Rn) be a cutoff function so that χ|Ω ≡ 1. Define the operator T0 as

the multiplication of χ with the formal inverse of (3.1):

(T0f)(x) = (2π)−nχ(x)

∫

Rn

f̂(η)eix·η

(η + zβ)2 − k2
dη.

We consider T0 as an operator on Hζ,n+1, where Hζ,n+1 is the weighted Hölder space

used in Eskin and Ralston [2], which is defined as the closure of C∞
0 (Rn) in the norm

‖f‖ζ,n+1 = sup
σ
[(1 + |σ − ζ|)n+1|f̂(σ)|].

We shall first prove a lemma regarding the operator T0 defined above.

Lemma 1. Let ζ ∈ Rn. Then T0 is a bounded operator from Hζ,n+1 to Hζ,n+1,

provided that τ is large enough. Moreover,

‖T0f‖ζ,n+1 ≤ Cτ−1‖f‖ζ,n+1 (3.2)

with a constant C depending only on χ, n and k.

Proof. Taking Fourier transform on both sides of (3.1) we obtain

(T0f)
∧(σ) =

∫

Rn

T̂n(σ − η, η, z)f̂(η)dη,

where

T̂n(σ − η, η, z) =
χ̂(σ − η)

(η + zβ)2 − k2

is the kernel function.

It suffices to show that

sup
σ,ζ

∫

Rn

(1 + |σ − ζ|)n+1|T̂0(σ − η, η, z)|(1 + |η − ζ|)−n−1dη ≤ Cτ−1

holds for large τ with a constant C independent of τ .

Since χ̂(σ) decays exponentially as |σ| → ∞, the estimate (58) and (60) in Eskin

and Ralston [2] can be applied the Fourier transform of T0, and we obtain, for τ large

enough,

sup
σ,ζ

∫

Rn

(1 + |σ − ζ|)n+1|T̂0(σ − η, η, z)|(1 + |η − ζ|)−n−1dη (3.3)
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≤ Cτ−1 sup
σ,ζ

∫

Rn

(1 + |σ − ζ|)−n−1 + (1 + |η − ζ|)−n−1

||η| − (τ 2 + k2)1/2|+ |ηβ|
dη ,

where ηβ = η · β. The analysis between (61) and (64′) in Eskin and Ralston [2] then

applies here to show that the integral in the right hand side of (3.3) is uniformly

bounded in the parameters σ and ζ, which leads to (3.2). ✷

Proof of Theorem 1. We extend the coefficients A and q to Cn+4
0 (Rn) and

Cn+3
0 (Rn), respectively, so that V ∈ Cn+3

0 (Rn). It is clear that the constants Cα and

Cβ in (3) of Eskin and Ralston [2] are both controlled by ‖A‖Cn+4(Ω̂) and ‖q‖Cn+3(Ω̂).

We replace the function F in (2.2) by Fχ, where χ is the cutoff function defined

earlier. By Lemma 2.1 in Sun [6],

‖φ(·, ξ)‖Cn+3(Ω̄) ≤ C‖A‖Cn+4(Ω̄)

with a constant C independent of A and ξ. This, together with the hypothesis on A

and q, imply that

Fχ ∈ Cn+1
0 (Rn) ⊂ W n+1,1(Rn) ⊂ H0,n+1, (3.4)

where W n+1,1(Rn) is the standard Sobolev ’s space based on L1(Rn). The result in

(3.4) implies

fχ(x, ξ) = eiζ·xF (x, ξ)χ(x) ⊂ Hζ,n+1. (3.5)

According to (37′), (39) and (69) in Eskin and Ralston [2], for τ large enough,

there exists a solution v of the equation (2.3) (with f replaced by fχ), given by the

formula:

v(x, ξ) = (2π)−n

∫

Rn

c(x, η, z)ĝ(η, ζ, z)eix·η

(η + zβ)2 − k2
dη,

where g solves uniquely the integral equation (53) in Eskin and Ralston [2].

By letting

ω(x, ξ) = e−iζ·x−φ(x,ξ)v(x, ξ) (3.6)

and tracing back from (2.3) to (2.1), we obtain a solution of (1.1) in the form of (1.2).

It remains to verify that the remainder ω, when it is restricted on Ω, admits the

estimate (1.4).

By the formula (69) in Eskin and Ralston [2] it is clear that for large τ the unique

solution g in Hζ,n+1 of (53) admits the estimate

‖g‖ζ,n+1 ≤ C‖fχ‖ζ,n+1 (3.7)
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with a constant C independent of ζ. Let us write, for each x ∈ Ω,

v(x, ξ) = T0h (3.8)

and

h = [(−i∇+ zν)2 − k2]
(

(2π)−n

∫

Rn

c(x, η, z)ĝ(η, ζ, z)eix·η

(η + zβ)2 − k2
dη

)

.

The analysis following (70) in Eskin and Ralston [2] shows that there is a constant C

independent of ζ such that

‖h‖ζ,n+1 ≤ C‖g‖ζ,n+1. (3.9)

So, by applying Lemma 1 to (3.8) we get from (3.9) and (3.7) that

‖v‖ζ,n+1 ≤ Cτ−1‖h‖ζ,n+1 ≤ Cτ−1‖fχ‖ζ,n+1. (3.10)

From (3.5) we know that

‖fχ‖ζ,n+1 = ‖Fχ‖0,n+1.

So it follows from (3.10) that

‖v‖ζ,n+1 ≤ Cτ−1‖Fχ‖ζ,n+1 ≤ Cτ−1‖Fχ‖Wn+1,1(Rn) ≤ Cτ−1, (3.11)

with a constant C depending only on A, q, Ω, n and k.

On the other hand,

‖v‖L∞(Ω) ≤ ‖v̂‖L1(Rn) (3.12)

= ‖(1 + |η − ζ|)−n−1(1 + |η − ζ|)n+1v̂(η)‖L1(Rn)

≤ ‖(1 + |η − ζ|)−n−1‖L1(Rn)‖v‖ζ,n+1

≤ C‖v‖ζ,n+1,

and by (3.6), since φ(x, ξ) is uniformly bounded in ξ, we have the following estimate

for the remainder ω:

‖ω‖L∞(Ω) ≤ C‖v‖L∞(Ω) (3.13)

with a content C depending only on Â, Ω and n.

Combining (3.12), (3.13) and (3.11) we obtain

‖ω‖L∞(Ω) ≤ Cτ−1. (3.14)
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Recall that ξ = ζ + iα and τ = |α|. Since ξ · ξ = k2, we have

ζ2 − α2 = k2 and ζ · α = 0.

Thus for a fixed k,

|ξ|2 = |ζ|2 + |α|2 = 2|α|2 + k2 = 2τ 2 + k2

and

τ =

√

|ξ|2 − k2

2
≥ |ξ|

3

for large |ξ|. This, together with (3.14), gives the estimate (1.4), with s = 0. The

proof of estimate (1.4) with s = 1, 2 follows directly from the following lemma.

Lemma 2. Assume A ∈ C2(Ω̄) and q ∈ L∞(Ω). Let ξ ∈ Cn with ξ · ξ = k2. If

u(x, ξ) = eiξ·x+φ(x, ξ)(1 + ω(x, ξ))

is a W 2,∞(Ω) solution to the equation (1.1) which satisfies the estimate

‖ω(·, ξ)‖L∞(Ω) ≤ C|ξ|−1 (3.15)

with a constant C depending on ‖A‖C2(Ω̄), ‖q‖L∞(Ω), Ω, n and k. Then for any

subdomain Ω′ ⊂ Ω with dist(Ω′, ∂Ω) > 0, the following two estimates

‖ω(·, ξ)‖W s,∞(Ω) ≤ C|ξ|−1+s, s = 1, 2 (3.16)

hold with a constant C depending on ‖A‖C2(Ω̄), ‖q‖L∞(Ω), Ω, Ω
′, n and k.

Proof of Theorem 1 Continues. Since A ∈ Cn+4(Ω̄) and q ∈ Cn+3(Ω̄), we may

extend A and q to a slightly larger domain Ω1 ⊃ Ω with dist(Ω, ∂Ω1) > 0 and the

extended functions, still denoted by A and q, are in the space Cn+4(Ω̄1) and Cn+3(Ω̄1),

respectively. We now construct the solution u in the domain Ω1. The previous proof

shows that the remainder ω satisfies the estimate (1.4) with s = 0 (or the estimate

(3.15)) on the domain Ω1. Then by Lemma 2, the remainder ω will also satisfies the

estimate (3.16) on the domain Ω. This proves that it also satisfies the estimate (1.4)

with s = 1, 2. The proof of Theorem 1 is now completed. ✷

Proof of Lemma 2. Without the loss of generality, we assume k = 0 in the equa-

tion (1.1). A straightforward computation shows that the remainder ω satisfies the

following equation:

△ω + 2(iξ +∇φ+ iA) · ∇ω −Gω = G,
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where

G = A2 − i∇ · A+ q − 2iA · ∇φ−∇φ · ∇φ−△φ.

Let χ ∈ C∞
0 (Ω), 0 ≤ χ ≤ 1, such that χ ≡ 1 on Ω′. Let ν = χω. Then ν satisfies

△ν = −2iξ · ∇ν + (2iξ · ∇χ)ν2∇χ+H,

where

H = (∇φ+ iA+ 2∇χ) · ∇ν + (△χ+ 2∇φ+ 2iA+G)ν +G.

From the construction (1.3), we have that ‖φ‖W 2,∞(Ω) is controlled by ‖A‖C2(Ω̄). Also,

one can choose χ in such a way that ‖χ‖W 2,∞(Ω) depends only on dist(Ω′, ∂Ω). There-

fore, by using the standard Lp elliptic estimate, we have

‖ν‖W 2,p(Ω) ≤ C|ξ|‖ν‖W 1,p(Ω) (3.17)

for |ξ| ≥ 1, and the constant C depending only on ‖A‖C2(Ω̄), ‖q‖L∞(Ω), Ω, Ω
′, and n.

Consider the interpolation inequality

‖ν‖W 1,p(Ω) ≤ Kε‖ν‖W 2,p(Ω) +Kǫ−1‖ν‖Lp(Ω)

with the constant K depending only on Ω and n. We choose

ǫ = 2−1C−1K−1|ξ|−1

and substitute it into the right hand side of (3.17), we get

‖ν‖W 2,p(Ω) ≤ 2C2K|ξ|2‖ν‖Lp(Ω) +
1

2
‖ν‖W 2,p(Ω),

which implies that

‖ν‖W 2,p(Ω) ≤ 4C2K|ξ|2‖ν‖Lp(Ω),

and therefore

‖ω‖W 2,p(Ω′) ≤ 4C2K|ξ|2‖ω‖L∞(Ω). (3.18)

Letting p → ∞, we get, since Ω′ is bounded,

‖ω‖W 2,∞(Ω′) ≤ 4C2K|ξ|2‖ω‖L∞(Ω). (3.19)

Then by (3.15) and (3.19), we get (3.16) with s = 2.

Consider the interpolation inequality

‖ω‖W 1,p(Ω′) ≤ K ′‖ω‖1/2W 2,p(Ω′)‖ω‖
1/2
Lp(Ω′)

with the constant K ′ depending only on Ω′ and n. Using this inequality together

with (3.15) and (3.18), we get

‖ω‖W 1,p(Ω′) ≤ (C|ξ|−1)1/2(4C2K|ξ|2‖ω‖L∞(Ω))
1/2.

Letting p → ∞ again and using (3.15), we see that there is a constant C depending

only on ‖A‖C2(Ω̄), ‖q‖L∞(Ω), Ω, Ω
′, and n such that (3.16) holds with s = 1. ✷
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