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ABSTRACT: An optimal age-replacement policy under renewing free-replacement
warranty for non-repairable products is considered. Upon failure, it incurs a down-
time. Such downtime cost can have a significant impact on users’ profits/safety. The
users will have to decide when to replace the product. Taking product warranty into
account, different decisions will have different cost implications to users. For prod-
ucts with a bathtub failure rate function, and considering a discounted purchasing
cost, we derive the expressions for the long-run expected cost rate. Then the optimal
age-replacement policy is obtained. It shows that the optimal replacement age should
be adjusted toward the warranty period when a product is warranted.
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1. INTRODUCTION

A well-known maintenance procedure for stochastically failure products is the age

replacement policy (ARP). Under this policy the product is replaced on failure or

when it reaches a predetermined age. In both cases the replacement is a new prod-

uct. After Barlow and Proschan [1] have systematically studied the age replacement

policy, the variations of this policy have been investigated intensively for various sit-

uations and many analytical results have been obtained – Berg [2], Berg and Epstein

[3], Ingram and Scheaffer [4], Osaki and Nakagawa [5]. In recent years, the use of

preventive maintenance to improve the product condition become prevalent.

This paper analyzes the effects of a renewing free-replacement warranty on the age

replacement policy for a non-repairable product with bathtub failure rate. However,
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product warranty has not been considered in these studies, although many products

are sold with a warranty in the modern marketplace.

The primary role of a product warranty is to offer post-sale remedy for buyers when

a product fails to fulfill its intended performance within a warranty period. Warranty

policies can be divided into renewing warranties and non-renewing warranties. A

detailed discussion and review of various issues related to product warranty can be

found in Blischke and Pmurthy [6], Blischke and Pmurthy [7], Blischke and Pmurthy

[8]. For non-repairable products, the most commonly used warranty policy is the

renewing free-replacement warranty, Blischke and Pmurthy [7]. Under this warranty

policy, a product failed within the warranty period is replaced by a new one, and

the warranty is renewed. Models based on selecting warranty conditions so as to

maximize profit have also been investigated by Glickman and Berger [9]. They deal

with the selection of selling price and warrant period that maximize the profit to

the seller. From a user’s perspective, this study considers renewing free-replacement

warranty of period, w, as applied to repeat purchases of a product, to find the optimal

age replacement policy.

Most of the studies cited here assume that the failure rate function of a product

increases with the product’s age. Product failure mechanisms and failure phenomena

have been studied by Kuo and Kuo [10]. The life cycle of a product includes generally

three phases of failure rate. The three phrases are represented as a pattern of bathtub

curve. The bathtub curve is characterized by three distinct region, viz. early life,

usually life and wear out periods. During the early life of a product, the failures are

mainly due to defective material or poor manufacturing quality control. This period is

also called infant mortality period. During the middle portion, the failure rate is often

small and approximately constant. Some of the causes of failure during this period

are human errors, misapplication and occurrence of a higher than expected random

loads. This period is known as the useful life. The final period reflects the aging

process which results in an increasing failure rate. This period is known as the wear

out period and failures in this period are often caused by corrosion, aging, wear and

product deterioration in general, Amit and Ming [11]. It is common for mechanical or

electrical products to following the bathtub failure pattern. Hence, this study applies

a bathtub-shaped failure rate to describe the age replacement policy under renewing

free-replacement warranty.

Under a price discounted strategy proposed by sellers, and the user is exposed to

uncertainties and risk in product performance during the warranty period, how much

a user is willing to pay for renew the product depends naturally on their attitudes

toward risk. A user often has to make a decision of choosing to renew a product

within or beyond the warranty period.

In this paper, from users’ perspective, we take a general approach to modeling and

analyzing the impact of a renewing free-replacement warranty on the optimal age
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replacement policy. Taking product warranty into account, a mathematical model

for a product under age replacement policy is developed. For a product with a

bathtub failure rate function, we show that there exists an optimal replacement age

such that the long-run expected cost rate is minimized. Furthermore, the optimal

replacement ages for products with and without warranty are compared analytically

and the result shows that the optimal replacement age should be adjusted toward the

warranty period when a product is warranted.

The remainder of this paper is organized as follows. The mathematical models are

established in Section 2. Based on the model, the optimal age replacement policies

under a renewing free replacement warranty are derived and their structural properties

are given in Section 3. Finally, we conclude with topics for further investigations in

Section 4.

2. MATHEMATICAL FORMULATION

A non-repairable product is purchased (with original purchasing cost C1) at time

0 with a renewing free-replacement warranty on time period [0, w]. Let F (t) denote

a distribution function of the product lifetime X and assume that X has density

f(t) on [0,∞). The failure rate function of F (t), r(t), is defined by r(t) ≡ f(t)

F (t)
where

F (t) ≡ 1− f(t) is the survival function of X. This study concentrates on distribution

functions with a bathtub-shaped failure rate function r(t), defined as follows.

Definition. A function r(t) has a bathtub shape with change points t1 and t2 pro-

vided r(t) satisfies

r(t) ≡







strictly increases if 0 ≤ t ≤ t1
is a constant if t1 < t ≤ t2
strictly decreases if t2 < t,

where 0 ≤ t1 ≤ t2 < ∞.

A user often has to make a decision of when to purchase, to avoid any failure of

the product incurs a downtime. Such downtime cost can have a significant impact on

their profits and (or) safety. Should the product fail, we assume that the user repeat

purchase immediately.

Under an age replacement policy, a non-repairable product is replaced at a certain

age t or upon failure, whichever occurs first. We assume that replacement time

is negligible to simplify mathematical derivations. When the product fails at age

X = x ≤ t, a failure replacement is performed with a downtime cost Cd > 0 and

a purchasing cost Cp(x) > 0. If the age of the product reaches t, then a preventive

replacement is carried out by the user. Since a preventive replacement is a planned
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maintenance action, only the purchasing cost Cp(x) > 0 is incurred in this action.

Under this policy, the design variable is the age for preventive replacement t.

Here, we shall point out that the purchasing cost Cp(x) is non-decreasing on [0, w)

and is constant Cp(w) for x ≥ w. This means that the seller offer a discount to users,

in order to encourage users to renew product within the warranty period [0, w).

In this paper, a renewing free-replacement warranty is considered in designing

the optimal age for replacement. For a product purchased with the renewing free-

replacement warranty, if a failure occurs within a warranty period w, a new product

with the same warranty is offered free of charge by the seller to replace the failed

one. However, any failure of the product incurs a downtime cost Cd to the user. To

mathematically construct the cost model for a warranted product mentioned above,

the following notations are employed throughout this paper.

w : warranty period;

X : lifetime of a product;

t : age to replace the product;

C1 : original purchasing cost;

Cd : downtime cost for each failure of a product;

Cp(x) : purchasing cost for a product at failure time x;

µ : expected lifetime of a product;

f(x), F (x) : pdf and Cdf of the r.v. X;

F (x) : survivor function of the r.v. X, which is 1− F (x);

r(x) : failure rate function of the r.v. X;

Tw=0 : cycle time when the age for replacement is t and w=0;

Cw=0 : cycle cost when the age for replacement is t and w=0;

Tw≤t : cycle time when the age for replacement is t ≥ w ≥ 0;

Cw≤t : cycle cost when the age for replacement is t ≥ w ≥ 0;

Tw>t : cycle time when the age for replacement is 0 ≤ t < w;

Cw>t : cycle cost when the age for replacement is 0 ≤ t < w;

Dw=0(t) : long-run expected cost rate without warranty, which is E[Cw=0(X)]
E[Tw=0(X)]

;

Dw≤t(t) : long-run expected cost rate with warranty, which is
E[Cw≤t(X)]

E[Tw≤t(X)]
;

Dw>t(t) : long-run expected cost rate with warranty, which is E[Cw>t(X)]
E[Tw>t(X)]

;

H(t) : intermediate function, which is r(t)
∫ t

0
F (u) du− F (t);

t∗w : optimal age for replacement when the warranty period is w.

For a product purchased with the renewing free-replacement warranty, any two

successive replacements of the product again form a renewal cycle of the failure process
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since the warranty period is reset to w ≥ 0. However, the total cost incurred in a

renewal cycle depends on whether a replacement is performed within the warranty

period or not. Therefore, the cost model is established for the following.

2.1. COST MODEL UNDER t ≥ w ≥ 0 :

When the replacement age t is greater than or equal to the warranty period w, there

are three possible replacements for a product. First, if the product fails within the

warranty period (X ≤ w), a downtime cost Cd is incurred. Second, if a failure occurs

after the warranty period but before a preventive replacement (w < X < t), it incurs

an additional purchasing cost Cp(x). Third, when the product reaches age t (X ≥ t),

a preventive replacement is performed with purchasing cost Cp(x), where Cp(x) is

non-decreasing on [0, w) and is constant Cp(w), for t ≥ w.

Under a replacement age t ≥ w, the elapsed time and total cost in a renewal cycle

(denoted by Tw≤t and Cw≤t, respectively) become

Tw≤t(X) ≡



















X if X ≤ w,

X if w < X < t,

t if X ≥ t

(1)

and

Cw≤t(X) ≡



















C1 + Cd if X ≤ w,

C1 + Cd + Cp(w) if w < X < t,

C1 + Cp(w) if X ≥ t.

(2)

Furthermore, the long-run expected cost rate in this case is

Dw≤t(t) ≡
E[Cw≤t(X)]

E[Tw≤t(X)]
=

C1 + Cp(w)F (w) + CdF (t)
∫ t

0
F (u) du

. (3)

In case of without warranty, i.e. w = 0, we denote the cycle time and cycle cost

as Tw=0 and Cw=0, respectively. Then the long-run expected cost rate Dw=0 is

Dw=0(t) ≡
E[Cw=0(X)]

E[Tw=0(X)]
=

C1 + Cp(0) + CdF (t)
∫ t

0
F (u) du

.

2.2. COST MODEL UNDER t < w :

When the replacement age t is less than the warranty period w, all replacements are

performed within warranty period at free charge to the user. Similarly, we have the



374 Sheu and Yu

elapsed time and total cost in a renewal cycle (denoted by Tw>t and Cw>t, respectively)

as follows:

Tw>t(X) ≡

{

X if X ≤ t,

t if X > t,
(4)

and

Cw>t(X) ≡

{

C1 + Cd if X ≤ t,

C1 + Cp(t) if X > t.
(5)

And the long-run expected cost rate in this case becomes

Dw>t(t) ≡
E[Cw>t(X)]

E[Tw>t(X)]
=

C1 + Cp(t)F (t) + CdF (t)
∫ t

0
F (u) du

. (6)

Remark. From Eqs. (3) and (6), we obtain that

Dw≤t(w) = Dw>t(w) =
C1 + Cp(w)F (w) + CdF (w)

∫ w

0
F (u) du

.

3. OPTIMAL POLICIES

As we will see later on, the function

H(t) ≡ r(t)

∫ t

0

F (u) du− F (t)

plays an important role in determining the optimal age for replacement. Let µ denote

the mean lifetime of a product that is,µ ≡
∫∞

0
F (u) du. Then, we have the following

lemma.

Lemma 1. Suppose that

(C1) r(t) has a bathtub shape with change points t1 and t2.

Then, H(t) has a bathtub shape with the same change points t1, t2 of r(t) and

satisfies

lim
t→0

H(t) = H(0) and lim
t→∞

H(t) = H(∞) = r(∞)µ− 1.

Proof. From

H ′(t) = r′(t)

∫ t

0

F (u) du,

we obtain the desired results.

Let t∗w≤t be the optimal value minimizing Eq.(3) in [w,∞). Therefore, we have the

following theorem.



Optimization with Bathtub Failure Rate 375

Theorem 2. Suppose that

(C1) r(t) has a bathtub shape with change points t1 and t2

and

(C2) t1 ≤ w.

Then, we have

(R1) If H(∞) ≤ C1+Cp(w)F (w)

Cd
, then t∗w≤t = ∞ and

Dw≤t(t
∗
w≤t) = Dw≤t(∞) =

C1 + Cp(w)F (w) + Cd

µ
;

(R2) If H(w) < C1+Cp(w)F (w)

Cd
< H(∞), then there exists a unique optimal replace-

ment age t∗w≤t ∈ (w,∞) satisfying

H(t∗w≤t) =
C1 + Cp(w)F (w)

Cd

and Dw≤t(t
∗
w≤t) = Cdr(t

∗
w≤t);

(R3) If
C1+Cp(w)F (w)

Cd
≤ H(w), then t∗w≤t = w and

Dw≤t(t
∗
w≤t) = Dw≤t(w) =

C1 + Cp(w)F (w) + CdF (w)
∫ w

0
F (u) du

.

Proof. From Lemma 1, we see that H(t) has a bathtub shape with the same change

points t1, t2 of r(t). Therefore, if

H(∞) ≤
C1 + Cp(w)F (w)

Cd

and the fact

H(t) ≤ H(∞) for t ≥ w ≥ t1

implies

(Dw≤t(t))
′ =

CdF (t)
{

H(t)− C1+CP (w)F (w)
Cd

}

(
∫ t

0
F (u) du)2

≤ 0 for t ≥ w ≥ t1. (7)

This means that Dw≤t(t) decreases in t in the interval [w,∞) and hence t∗w≤t = ∞.

Next, if

H(w) <
C1 + Cp(w)F (w)

Cd

< H(∞),
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then there exists a t∗w≤t ∈ (w,∞) satisfying

H(t∗w≤t) =
C1 + Cp(w)F (w)

Cd

.

From

H(t) ≥ H(t∗w≤t) for t ≥ t∗w≤t ≥ w ≥ t1 and H(t) ≤ H(t∗w≤t) for t∗w≤t ≥ t ≥ w ≥ t1,

so Dw≤t(t) increases for t ≥ t∗w≤t ≥ w ≥ t1 and decreases for t∗w≤t ≥ t ≥ w ≥ t1. Thus,

t∗w≤t ∈ (w,∞) is the unique optimal replacement age.

Finally, if
C1 + Cp(w)F (w)

Cd

≤ H(w)

and the fact

H(t) ≥ H(w) for t ≥ w ≥ t1

implies

(Dw≤t(t))
′ =

CdF (t)
{

H(t)− C1+CPF (w)
Cd

}

(
∫ t

0
F (u) du)2

≥ 0 for t ≥ w ≥ t1.

This means that Dw≤t(t) increases in t in the interval [w,∞) and hence t∗w≤t = w.

Now, for w > t, the first derivative of Eq.(6) with respect to t becomes

(Dw>t(t))
′ =

F (t)
{

[Cd − Cp(t)]H(t)− C1 − Cp(t) + C ′
p(t)

∫ t

0
F (u) du

}

(
∫ t

0
F (u) du)2

for t < w. (8)

Let t∗w>t be the optimal value minimizing Eq.(6) in [0, w). Therefore, we have

Theorem 3 as follows:

Theorem 3. Suppose that

(C1) r(t) has a bathtub shape with change points t1 and t2,

(C2) t1 ≤ w,

and

(C3) Cp(t) ≤ Cd on [0, w)

(C4) H(w) = r(w)
∫ w

0
F (u) du− F (w) ≥ 0 = H(0).

Then, we have
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(R4) If (Cd − Cp(t))H(w) ≤ C1 + Cp(t) − C ′
p(t)

∫ t

0
F (u) du on [0, w), then the

optimal age for replacement is t∗w>t = w and

Dw>t(t
∗
w>t) = Dw>t(w) =

C1 + Cp(w)F (w) + CdF (w)
∫ F

0
(u) du

;

(R5) If (Cd − Cp(t))H(w) > C1 + Cp(t)− C ′
p(t)

∫ t

0
F (u) du > 0, as t → w−, then

there exists an optimal replacement age t∗w>t ∈ (0, w) satisfying

(Cd − Cp(t
∗
w>t))H(t∗w>t)− C1 − Cp(t) + C ′

p(t
∗
w>t)

∫ t∗w>t

0

F (u) du = 0

and

Dw>t(t
∗
w>t) = (Cd − Cp(t

∗
w>t))r(t

∗
w>t) + C ′

p(t
∗
w>t).

Proof. From Lemma 1, we see that H(t) has a bathtub shape with the same change

points t1, t2 of r(t). Therefore, H(t) decreases on [0, t1) and non-decreases on [t1, w).

Thus, H(0) and H(w) are local maximum of H(t) on [0, w]. This and (C4) imply

H(t) ≤ H(w) on [0, w].

If

(Cd − Cp(t))H(w) ≤ C1 + Cp(t)− C ′
p(t)

∫ t

0

F (u) du on [0, w)

and the fact

H(t) ≤ H(w) on [0, w)

implies

(Dw>t(t))
′ ≤ 0 for t ∈ [0, w).

This means that the optimal age for replacement is t∗w>t = w.

Next, we consider the case under the assumption

(Cd − Cp(t))H(w) > C1 + Cp(t)− C ′
p(t)

∫ t

0

F (u) du > 0 as t → w−.

Define

Φ(t) ≡ (Cd − Cp(t))H(t)− C1 − Cp(t) + C ′
p(t)

∫ t

0

F (u) du on [0, w).

It is clear that

lim
t→w−

Φ(t)

= (Cd − lim
t→w−

Cp(t))H(w)− C1 − lim
t→w−

Cp(t) + lim
t→w−

C ′
p(t)

∫ t

0

F (u) du > 0
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and Φ(0) = −Cp(0) < 0.

Therefore, there exists a t∗w>t ∈ (0, w) satisfying

Φ(t∗w>t) = (Cd − Cp(t
∗
w>t))H(t∗w>t)− C1 − Cp(t

∗
w>t) + C ′

p(t
∗
w>t)

∫ t∗w>t

0

F (u) du = 0

and

Dw>t(t
∗
w>t) = (Cd − Cp(t

∗
w>t))r(t

∗
w>t) + C ′

p(t
∗
w>t).

Then, we obtain the desired results.

4. CONCLUSIONS

In this paper, we analyze the effects of a renewing free-replacement warranty with

bathtub failure rate and discount purchasing cost on the optimal age replacement

policy. Cost model is developed and the corresponding age-replacement policies are

derived. It is worth point out that product warranty is an important factor in deriving

an optimal maintenance policy. The model considered in this study can be extended

to several ways. We discuss a few. In our model formulation, we assumed the failed

product is non-repairable and always replaced by a new one. An interesting case is

where the failed product is repairable. Instead of being replaced by a new one, one can

repair the product. In this context, one needs to study the optimal age-replacement

with different types of repairs. The model can also be extended to other types of

warranty policies like pro-rate and combined warranty policies.
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