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ABSTRACT: We study the three-point singular nonlinear boundary-value problem

—u'(t) = a(®)f(u(t), 0<t<1,
u(0) =0, au(n) = u(l),
where 0 < < 1,0 < a < % and a(t) is in a class of integrable functions. Using a fixed

point theorem we show that under certain growth conditions imposed on continuous
f(u), the problem has infinitely many solutions.
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1. INTRODUCTION

The study of multi-point boundary value problems originated in the works of II'in
and Moiseev [8, 9]. Solvability of three-point problems was also analyzed by Gupta
[7]. Since then, numerous contributions to the area were made by various authors
(e.g., see Feng and Webb [5], Raffoul [22], and Webb [23]). In particular, Ma [18, 19,
20] studied extensively, positive solutions and their multiplicity in the framework of

a three-point nonlinear boundary value problem
—u'(t) = a(t)f(u(t), 0<t<1, (1)

u(0) =0, au(n) = u(l), (2)

where 0 < n < 1,0 < a< % A cone-theoretic theorem due to Krasnosel’skii was
used to show the existence of a positive solutions. Webb [23, 24] applied fixed point
index theory to obtain existence results for (1), (2). His paper, Webb [24], contains a

thorough analysis of the properties of the Green’s function for the homogeneous (1),
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(2). We should also mention that three-point boundary problems were also considered
on time scales (e.g., see Anderson [1], Kaufmann [10], Ma and Raffoul [21]). Other
related papers were devoted to m-point problems such as discussed in Cao and Ma [2],
a three-point problem at resonance considered by Garsia-Huidobro and Mandsevich
in [6], an application of a Gronwall inequality by Feng [4], and a multiplicity result
for an eigenvalue problem by Kaufmann and Raffoul [14].

In parallel with the above mentioned results, the study of boundary value problems
admitting infinitely many solutions progressed. Eloe et al [3], Kaufmann [10], Kauf-
mann and Kosmatov [11], Kaufmann and Kosmatov [12], Kaufmann and Raffoul [13],
Kosmatov [15], Kosmatov [16] established several existence results for infinitely many
positive solutions. Boundary value problems of second and higher order were investi-
gated (both in continuous setting and on time scales). In most of these papers (e.g.,
Kaufmann and Kosmatov [11], Kaufmann and Kosmatov [12], Kaufmann and Raffoul
[13]) the authors selected the function a(t) in the inhomogeneous term of (1) to be
Lebesgue (LP) integrable and the continuous part f to satisfy rather special growth
conditions. Constructing suitably sequences of cones and applying Krasnosel’skii’s
fixed point theorem enabled the authors to obtain solutions of infinite multiplicity.

Our goal is to extend the results of Ma [20] by obtaining infinitely many solutions
of (1), (2) in the case of LP—integrable function a(t).

We now proceed with lemmas that are essential in obtaining our main results.
Lemma 1. If an # 1, then for u € C|0,1], the problem

() = g(t), O<t<l, (3)

has the unique solution

u(t) = —/O(t—s)g(s)ds—

t
1—an

/0 (1 —15s)g(s)ds. (5)

The proof of Lemma 1 is given in Gupta [7]. In addition, it is shown in Ma [18§]
that (5) is positive on (0, 1). It can also be shown that (3), (4) has no positive solution
if an > 1.

We define an operator T': B — B by

at

1—an

Tu(t) = —/O (t = s)a(s)f(u(s))ds — /On(n — s)a(s) f(u(s))ds

n t
1—an

/0 (1= 8)a(s) f (u(s))ds. (6)



Three-Point Boundary Value Problem 431

It is established in Raffoul [22] that (6) is completely continuous.

Lemma 2. Let 0 < a < % andn <1 < 1. Ifg € C[0,1] and g(t) > 0, then the
unique solution of the problem (3), (4) satisfies

min u(t) > - [ul], (7)
te[r,1]

where v, = min{anT, %7 nT}.

The proof of Lemma 2 is given in Kaufmann [10].

Definition 3. Let B be a Banach space and let C C B be closed and nonempty.
Then C is said to be a cone if

1. au+ pv € C for all u,v € C and for all o, f > 0, and
2. u,—u € C implies u = 0.

Lemma 2 is crucial since it enables us to construct our cones. To this end, for
our Banach space, B, we choose the space C[0,1] endowed with the norm |ul =

maxyepoq] |u(t)|. With 7 < 1, the estimate (7) serves to define our cones C. C B by
Cr = {u(t) € Blu(t) > 0on [0,1], min u(t) > 3 [uf}- (8)
te|r,

It turns out that our operator (6) is cone-preserving (as they are given by (8)). By
Lemma 1, fixed points of (6) are solutions of (1), (2). The existence of a fixed point
of (6) is guaranteed by the following well-known theorem due to Krasnosel’skii’s (see,
e.g., Krasnosel’skii [17]).

Theorem 4. Let B be a Banach space and let C C B be a cone in B. Assume that
Q1, Qo are open with 0 € Qq, QO C Qo, and let

T:CN(Q\ Q) —C
be a completely continuous operator such that either
(1) [[Tull < flull, we CNoQ, and [[Tul| = [lul, weCNIy, or
(i) ||Tu|| > JJull, w€ CNoQ, and ||Tu| < |ull, ueCNoQ,.

Then T has a fized point in C N (Qy \ Q).

In order to establish some of the norm inequalities in Theorem 4, we need Hélder’s

inequality.
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Theorem 5. (Holder) Let f € LPla,b] with p > 1, g € Lia,b] with ¢ > 1 , and
14 é =1. Then fg € L'a,b] and

p
1fglly < [/ llpllgllq -

Let f € L'[a,b] and g € L*[a,b]. Then fg € L'[a,b] and

gl < 1 11xllglloo-

We assume that f is a nonnegative continuous function and a(t) is nonnegative

and satisfies the following conditions:

(A1) lim a(t) = oo, where 0 < ty < 1;

t—to

(A2) there exists m > 0 such that a(t) > m a.e. on [0, 1];

(A3) a(t) € L*[0, 1] for some 1 < p < 0.

2. TECHNICAL RESULTS

The Green’s function associated with the homogeneous problem (1), (2) is given
by

adln=s) = 5 < t— <t
t(1—s) T-an » 5 =1 5 5=
- - (9)

G(t,s) =
1 —an 0, s> 0, s> t.

For the development of our main results we first establish certain properties of (9).
First we let ¢ > 1.
Case: t <.
If « # 1, then

Gy = [ Gt 5)ds
- /Ot (tl(l_—aj]) B ai(i;;) —t+s)qd5
[t sy
At
1 1 1

= (1_an)qq+1a_1[(1—0477—1—(04—1)15)"(—1—1—0477)

+ a1 — ).
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If a > 1, then
1 1 1
G(t. e < 1 — p)at1ipg
a (1—n)y?
a—1 (1—an)
a \'(L—n)me
<
a—1/ (1—an)?
(since =*5 > 1) and so
a (I—nn
sup ||G(t, )], < ) 10
s 160l < g (10)
In the case of a < 1,
, 1 11 ,
Gt )llg = [(1—=an+ (= 1)t)/(1 — an)

(1—an)igq+1l—a

~ a(L =)

(since 2222 > 1) and thus

(1—an)n
sup |Gt < P, (11)
t€[0,n) -

If o =1, then

1G )G = (1+q(n—1))t7

qg+1

is an increasing function on [0, 7] and hence

sup (|G (2, ), < n. (12)
t€[0,m)
Case: t = .
Then LG Yo
—n)m
1G(n, )l =

qg+1(1—an)’
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434
so that
(1 —mn)n
G(n,- < . 13
(OB (13)
Case: t > 1.
Introduce an auxiliary function
11—_:7]’ $ < n
Gols) = 1 (149)
lf_asn’ s>1
and observe that G(t,s) < Gy(s).
Then
IG(EIG < [1Gollg
_ A=m)@m 1 (A—n)
~ (—apr g+1(1—an)e
(1 —n)
(1 —an)’
. 1—
that is, |G(¢, )]l < 170777. So,
GGtV < 71— (15)
sup , .
te(n,1] T l-an
Combining (10)-(13) and (15) and setting
max{ 42 L1y g <]
' =<1, a=1
max{ 2 O L) o> 1
we get
G(t, )|, <TI'. 16
max |Gt g < T (16)
Let now ¢ = 1.
Let first ¢ < 7.
If « # 1, then
1 2 2
IGE, )l [(a(l=n)" = (1 —an)’)t

2(a - 1)(1 - an)

— (1 —an)(a - 1)¢’]
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attains its maximum at

1—an?

ty, = —.
2(1 — an)

If « <1, then t, > n and

sup Gt = Gl = =

tef0n) 2(1 —am)’

If « =1, then

GGt = (1 + )i~ )

and its maximum is at t = HT" > 7 in which case

[\)

n
sup G )b =G0 ) = 5

te(0,n

If a > 1, then t, < n and

(1 - an?)®
sup [|G(t,)|1 = ||G(ts, )||1 = 0.
s Gl = 16l = s
If ¢ > n, then using (14) we get
1-— 7)2
sup [|G(t, )1 < [|Golli = =————.
s GGl < 1Golh = 57—
For t = n, we have
n(1 —n)
G, )|y = ~—1_

Combining estimates (17)-(21) and setting

177]2
a1
I'y =
(1—an?)?
8(1—an)?’

we get

max ||G(t, )Hl < TI'.
te(0,1]

Following Webb [22], we maximize G(t, s) for a fixed s.
For a < 1, G(t,s) < Gy(s) for t € [0,1], where

l1—an

Gl (S) =

1—an

s(l—an—(1—-a)s), s<n

L_s(1—s), s >.

435

(18)

(19)

(21)

(22)
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For a > 1, G(t,s) < Go(s) for t € [0, 1], where

Gay(s) = 1—1a17m7(1 —35), n<s<an

ljans(l —s), s>an.

One can easily obtain that

1 1
ey @sbhnsg
max Gi(s) = (23)
selo.] —41(1_2“2), a<ln>3
and
an(l —n)
G =" 24
A S o
Combining (23) and (24) and setting
4(1_10”7)7 a < 17 n < %
[y =( 2= a<ln>1
i(1-a)’ ; 2
Al o> 1,
we get
max G(t,s) =1T%. (25)

s,t€[0,1]

Now we need an estimate on max;e|o, le G(t, s)ds for some 7 > 1.

Let t < 7, then
/Gtsds— <1_T)

2(1 —an)
and thus
! 7(1—7)32
If t > 7, then
(1 -7 1 2
/Gts e 2(T 0

(-
(1 om

attains its maximum at t =1if 7 > anorat t =7+ if 7 < an. In the former

case,

1 om(l —7)?
su G(t,s)ds = ———
tE(TI,Jl]/T (t:5) - 21 —an)’
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which, combined with (26), implies

1 2
(1 —17)
G(t,s)ds = —— > an. 27
%3}1?/7 (t,s)ds A—ap T2 (27)
In the latter case,

7(1—71)? (1—7)*
2(1—an)  8(1—oan)?

1
sup / G(t,s)ds
1Jr

te(r,1
. (1 —71)? —a
and thus
! (1 —7)*
tlél[(é)l,)li]/T G(t,s)ds = o)’ T < an. (28)
From (27) and (28) we conclude that
! (1 —71)?
t,s)ds > ——-——. 2
f&ﬁﬁ/T G(,s)s>2<1_an) (29)

3. MAIN RESULTS

We consider the following three cases for a € LP[0,1]: p > 1, p = 1, and p = co.
Case p > 1 is treated in the following theorem:

Theorem 6. Let {1.}32, be such thatn <1 <1 and 7, 4 7 >n. Let {Ar}32, and
{Br}, be such that

Ak—i—l <")/kBk<Bk<CBk<Ak, k‘GN,

2(1—oam) 1}'

m(1—71)2?

Assume that f satisfies

where C' = max{

(H1) f(z) < M Ay for all z € [0, Ag], k € N, where My < min{wla“p,C’}.
(H2) f(z) > CBy, for all z € [y By, Bgl.

Then the boundary value problem (1), (2) has infinitely many solutions {uy}3> .
Furthermore, By, < ||lug|| < Ay for each k € N.

Proof. For a fixed k, define ©y, = {u € B : |lul]| < Ax}. The cone C,, is given by
(8) with 7 = 7. Then
u(s) < Ag = [|uf
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for all s € [0,1]. By (H1),

ITul = max /0 G(t, s)als) f(u(s)) ds

te(0,1]

< max/ G(t,s)a(s)ds My Ag.

te(0,1] Jo
Since p > 1, take ¢ = p%l > 1. Then, by Theorem 5.,
1Tl = max [|G(2,-)llqllall, M1 A
€[0,1]
From (16) and (H1),

[Tull < TullallpMy Ay

IN

Ay.
Since ||u|| = Ay for all u € P, N 0Qy 4, then
[Tull < flull- (30)
Now define Qo) = {u € B : |lu|]| < Bg}. Let u € P, N 0Ny and let s € [1y, 1].
Then by (7) with 7,, denoted by ~
B = lull 2 uls) = pinus) 2 wlull = 2B

By (H2),

|Tu|| = maX/OG(t,s)a(s)f(u(s))ds

te(0,1]

1

> max [ G(t,s)a(s)f(u(s))ds

t€[0,1] J,,

1
> max [ G(t,s)a(s)dsCBy.

t€[0,1] J -,

Now, by (A2) and (29),

1
|Tul| > max/G(t,s)a(s)dsCBk

t€(0,1]

v

1
max / G(t,s)dsmCBy

t€(0,1]
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since 7, < 7y. Thus, if u € P, NIy, then
[Tu|l > By, = |Jull. (31)

Now 0 € Qo1 C Qo C Q4. By (30), (31) it follows from Theorem 4. that the
operator T has a fixed point uy € P, N (24 \ Qo) such that By, < |lug|| < Ay. Since
k € N was arbitrary, the proof is complete. O

The following theorem deals with the case p = oc.

Theorem 7. Let {7}, be such thatn <17 <1 and 7, | 7° > n. Let {Ag}2, and
{Br}2, be such that

Ak+1 <’}/kBk<Bk<CBk<Ak, kEEN,

where C' is as in Theorem 6..
Assume that f satisfies (H2) and

(H3) f(2) < MyAy, for all z € [0, Ag], k € N, where My < min{m,O}.

Then the boundary value problem (1), (2) has infinitely many solutions {uy}3> .
Furthermore, By, < ||lug|| < Ay for each k € N.

Proof. We now use (22) and repeat the argument above. O

Our last result corresponds to the case of p = 1.

Theorem 8. Let {1.}32, be such thatn <1 <1 and 7, 4 7 >n. Let {Ax}32, and
{Br}2, be such that

Api1 < Br < B < CBp < A, keN.
Assume that f satisfies (H2) and
(H4) f(z) < M3Ay for all z € [0, Ag], k € N, where Mz < min{m,C}.
Then the boundary value problem (1), (2) has infinitely many solutions {uy}3> .

Furthermore, By, < ||lug|| < Ay for each k € N.

Proof. For a fixed k, define ©y, = {u € B : |Ju|| < Ax}. The cone C,, is given by
(8) with 7 = 7. Then
u(s) < Ag = [|uf
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all s € [0,1]. By (H4) and (25),

te(0,1]

ITul| = max /0 G(t, s)a(s) f(u(s)) ds

< max/ G(t,s)a(s)ds M3Ay
te(0,1] Jo
1
< max G(t, s)a(s) ds M3 Ay,
o t€l0,1]
1
< max G(t, s)/ a(s)ds M3 Ay
s,t€[0,1] 0
= Dllalli M3Ax
< A
and thus we obtain (30), which together with (31) completes the proof. O
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