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ABSTRACT: The linear hazard rate function distribution was introduced by
Kodlin [20]. In the decades that followed, this distribution has been used by many
biometricians, statisticians, mathematicians, medical scientists and others. However,
it seems that an important error in the original paper concerning the moments of
the distribution does not appear to have been noted. In this note, we correct that
mistake and provide general expressions for the mth moment and the mth L-moment
of the distribution.
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1. INTRODUCTION

The linear hazard rate function distribution was introduced by Kodlin [20] as a

possible model for response time. As the name suggests, the distribution was defined

by a hazard rate function of the form λ(t) = c+kt. It easily follows by the relationship

1− F (x) = exp

{

−
∫ x

0

λ(t)dt

}

that the corresponding probability density function (pdf) and cumulative distribution

function (cdf) are given by

f(x) = (c+ kx) exp

{

−
(

cx+
kx2

2

)}

(1)

and

F (x) = 1− exp

{

−
(

cx+
kx2

2

)}

, (2)
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respectively, for x > 0.

This remarkable distribution has been followed up in both theoretical and applied

contexts – by many biometricians, statisticians, mathematicians, medical scientists

and others. A comprehensive list of references is given in this paper (see Ashour

and Youssef [1], Bain [2], Balakrishnan and Malik [3], Bradley et al [4], Burridge [5],

Carbone et al [6], Clark [7], Conde et al [8], Dhillon [9], Dhillon [10], Gradshteyn and

Ryzhik [11], Griffiths [12], Gross [13], Gross et al [14], Gupta [15], Gupta and Bradley

[16], Hosking [17], Hirschman et al [18], Ivert et al [19], Kodlin [20], Kodlin and Cohn

[21], Lin et al [22], Lu [23], Rao and Talwalker [24], Recknor and Gross [25], Royston

[26], Salvia [27]).

In the original paper, Kodlin [20] derived the first two moments of (1) and dis-

cussed maximum likelihood estimation with application to damage models. The first

two moments are given by

E(X) =

√

2

k
exp

(

c2

2k

)

Γ

(

3

2
,
c2

2k

)

− c

k

and

E
(

X2
)

=
2

k
{1− cE(X)} .

But these expressions are not correct (as will be seen from Corollary 1). This im-

portant error appears not to have been noted in the many subsequent papers which

followed. We also see no papers which give general expressions for the mth moment

associated with (1).

In this note, we correct the mistake in the original paper and derive general

expressions for the mth moment and the mth L-moment. We also provide simplified

expressions for m = 1, 2, . . . , 8. Our calculations make use of the complementary

error function and the complementary incomplete gamma function defined by

erfc(x) =
2√
π

∫

∞

x

exp
(

−t2
)

dt

and

Γ(a, x) =

∫

∞

x

ta−1 exp (−t) dt,

the properties of which can be found in Gradshteyn and Ryzhik [11]. We are confident

that the results of this note will be of use to practitioners of the distribution in all

areas. Some specific problems in biosciences where these results could be of use are:

modeling of two organ systems such as the lungs or kidneys in the human body (Gross

et al [14]), clinical trials involving leukemia and coronary artery patients (Taulbee [30])

and, detection of transient improvements in survivorship (Wallenstein and Berger

[33]). We are sure there are many other problems where the result could be applied.
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2. MOMENTS

Theorem 1 derives a general expression for the mth moment of the linear hazard

rate function distribution. Corollary 1 gives the particular forms of this expression

for m = 1, 2, . . . , 8.

Theorem 1. For m ≥ 1,

E (Xm)

=

m exp

{

c2

2k

}

√
2k

m−1
∑

l=0

(

m− 1

l

)

(

− c

k

)l
(

2

k

)(m−1−l)/2

Γ

(

m− l

2
,
c2

2k

)

. (3)

Proof. Using (2), one can write

E (Xm) = m

∫

∞

0

xm−1 {1− F (x)} dx

= m

∫

∞

0

xm−1 exp

{

−
(

cx+
kx2

2

)}

dx. (4)

On transforming y = (k/2)(x+ c/k)2, the integral in (4) can be written as
∫

∞

0

xm−1 exp

{

−
(

cx+
kx2

2

)}

dx

=

exp

{

c2

2k

}

√
2k

∫

∞

c2/(2k)

{

√

2y

k
− c

k

}m−1
exp(−y)√

y
dy

=

exp

{

c2

2k

}

√
2k

∫

∞

c2/(2k)

m−1
∑

l=0

(

m− 1

l

)

(

− c

k

)l
(

2y

k

)(m−1−l)/2
exp(−y)√

y
dy

=

exp

{

c2

2k

}

√
2k

m−1
∑

l=0

(

m− 1

l

)

(

− c

k

)l
(

2

k

)(m−1−l)/2

×
∫

∞

c2/(2k)

y(m−l−2)/2 exp(−y)dy. (5)

The integral in (5) is simply
∫

∞

c2/(2k)

y(m−l−2)/2 exp(−y)dy = Γ

(

m− l

2
,
c2

2k

)

. (6)

The result in (3) follows by combining (4)–(6). ✷

Corollary 1. The first eight moments associated with (1) are:

E(X) =

√

π

2k
exp

(

c2

2k

)

erfc

(

c√
2k

)

,
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E
(

X2
)

=

√
2

k3/2
exp

(

c2

2k

)

{

√
2k exp

(

− c2

2k

)

− c
√
πerfc

(

c√
2k

)

}

,

E
(

X3
)

=
1√
2k5/2

exp

(

c2

2k

)

{

3k
√
πerfc

(

c√
2k

)

+ 3c2
√
πerfc

(

c√
2k

)

− 3c
√
2k exp

(

− c2

2k

)

}

,

E
(

X4
)

=
2
√
2

k7/2
exp

(

c2

2k

)

{

c2
√
2k exp

(

− c2

2k

)

+ 2
√
2k3/2 exp

(

− c2

2k

)

− 3ck
√
πerfc

(

c√
2k

)

− c3
√
πerfc

(

c√
2k

)

}

,

E
(

X5
)

=
1√
2k9/2

exp

(

c2

2k

)

{

15k2
√
πerfc

(

c√
2k

)

+ 30c2k
√
πerfc

(

c√
2k

)

+ 5c4
√
πerfc

(

c√
2k

)

− 25
√
2ck3/2 exp

(

− c2

2k

)

− 5
√
2c3

√
k exp

(

− c2

2k

)

}

,

E
(

X6
)

=

√
2

k11/2
exp

(

c2

2k

)

{

24
√
2k5/2 exp

(

− c2

2k

)

+ 27
√
2c2k3/2 exp

(

− c2

2k

)

+ 3
√
2c4

√
k exp

(

− c2

2k

)

− 45
√
πck2erfc

(

c√
2k

)

− 30
√
πc3kerfc

(

c√
2k

)

− 3
√
πc5erfc

(

c√
2k

)

}

,

E
(

X7
)

=
1√

2k13/2
exp

(

c2

2k

)

{

105
√
πk3erfc

(

c√
2k

)

+ 315
√
πc2k2erfc

(

c√
2k

)

+ 105
√
πc4kerfc

(

c√
2k

)

+ 7
√
πc6erfc

(

c√
2k

)

− 231
√
2ck5/2 exp

(

− c2

2k

)

− 98
√
2c3k3/2 exp

(

− c2

2k

)

− 7
√
2c5

√
k exp

(

− c2

2k

)

}

,

E
(

X8
)

=
4
√
2

k15/2
exp

(

c2

2k

)

{

48
√
2k7/2 exp

(

− c2

2k

)

+ 87
√
2c2k5/2 exp

(

− c2

2k

)

+ 20
√
2c4k3/2 exp

(

− c2

2k

)

+
√
2c6

√
k exp

(

− c2

2k

)

− 105
√
πc3k2erfc

(

c√
2k

)

− 21
√
πc5kerfc

(

c√
2k

)

− c7
√
πerfc

(

c√
2k

)

}

.
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Proof. Set m = 1, 2, . . . , 8 into (3) and use the identities

Γ (n, x) = (n− 1)! exp(−x)
n−1
∑

k=0

xk

k!
(7)

and

Γ

(

n+
1

2
, x

)

= Γ

(

n+
1

2

)

erfc
(√

x
)

+ (−1)n−1 exp(−x)
√
x

n−1
∑

k=0

(

1

2
− n

)

n−k−1

(−x)k, (8)

where (c)k = c(c+ 1) · · · (c+ k − 1) denotes the ascending factorial. ✷

3. L-MOMENTS

L-moments are summary statistics for probability distributions and data samples.

They are analogous to ordinary moments – they provide measures of location, disper-

sion, skewness, kurtosis, and other aspects of the shape of probability distributions

or data samples – but are computed from linear combinations of the ordered data

values. L-moments have several advantages over ordinary moments; see Hosking [17],

Royston [26], and Vogel and Fennessey [32].

For a given distribution with cdf F , probability weighted moments are defined by

βr =

∫

x {F (x)}r dF (x)

for r = 0, 1, 2, . . . . The L-moments are defined in terms of probability weighted

moments as

λ1 = β0,

λ2 = 2β1 − β0,

λ3 = 6β2 − 6β1 + β0,

λ4 = 20β3 − 30β2 + 12β1 − β0.

Theorem 2 gives a general (but simple) expression for βr.

Theorem 2. For r ≥ 1,

βr =

√

π

2k

r
∑

q=0

(

r

q

)

(−1)q

(q + 1)3/2
exp

{

(q + 1)c2

2k

}

{

1− erf

(

c

√

q + 1

2k

)}

.
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Proof. Using (1) and (2), one can write

βr =

∫

∞

0

x(c+ kx) exp

{

−
(

cx+
kx2

2

)}[

1− exp

{

−
(

cx+
kx2

2

)}]r

dx

=

∫

∞

0

x(c+ kx) exp

{

−
(

cx+
kx2

2

)} r
∑

q=0

(

r

q

)

(−1)q exp

{

−q

(

cx+
kx2

2

)}

dx

=
r
∑

q=0

(

r

q

)

(−1)q
∫

∞

0

x(c+ kx) exp

{

−(q + 1)

(

cx+
kx2

2

)}

dx

=
r
∑

q=0

(

r

q

)

(−1)q (cI1 + kI2) , (9)

where

I1 =

∫

∞

0

x exp

{

−(q + 1)

(

cx+
kx2

2

)}

dx

and

I2 =

∫

∞

0

x2 exp

{

−(q + 1)

(

cx+
kx2

2

)}

dx.

These integrals reduce to the form given by (5)–(6): for I1 take m = 2 and replace

c and k by (q + 1)c and (q + 1)k, respectively; and, for I2 take m = 3 and replace c

and k by (q + 1)c and (q + 1)k, respectively. The result follows by substituting into

(9) and using the identities (7)–(8). ✷
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